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FOREWORD

This report describes magnetostatic-wave propagation in a
finite YIG-loaded rectangular waveguide. This research was carried
out at the Solid-State Electronics Laboratory, Department of
Electrical Engineering and Computer Science, The University of
Michigan, Ann Arbor, Michigan. The work was sponsored by the Air
Force Systems Command, Avionics Laboratory, Wright-Patterson Air
Force Base, Ohio under Contract No. F33615-81-K-1429.
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report was released by the author in June 198k.

The author wishes to thank Professors C-M. Chu and G. I.
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CHAPTER I. INTRODUCTION -

1.1 Magnetostatic~Wave (MSW) Devices

The purpose of this work is to study magnetostatic~wave

propagation in a rectangular waveguide partially filled with a

lowloss ferrite material. The dispersion relation and group time

T
Vo e f

delay characteristics of the waves are investigated.

Magnetostatic waves are slow dispersive magnetically domi-
nated spinwaves that propagate in magnetically biased ferrite slabs
at microwave frequencies. The most common lowloss ferrite material
used for MSW propagation is epitaxial yittrium iron garnet (YIG).

The recent interest in MSW devices at microwave frequencies
has accelerated because the growth of uniform, high-quality, low-

loss epitaxial YIG films with a large aspect ratio has been improved

and the design and fabrication of efficient RF to MSW transducers
have been developed and realized.! The first development provides

a uniform internal dc magnetic bias field so that many inhomogeneous
transmission problems associated with nonuniform internal fields are
eliminated. The second development reduces coupling losses from RF
waves to magnetostatic wavee so that the overall insert;on loss

can be reduced greatly. Another motivation for exploring the use
of magnetostatic waves in microwave signal processing is due to

the fact that MSW operation is possible in the frequency range of

1.0 to 20.0 GHz with wide instantaneous bandwidths in contrast to

conventional devices such as surface-acoustic-wave (SAW) devices

which usually operate con the IF signal.




A comparison of the relative merits of MSW devices and
SAW devices is given by Owens et al.’ and Collins et al.? and is
presented in Table 1.1. From this table it can be seen that the
tunable properties, the lower propagation losses at microwave
frequencies, the invariant transducer geometry, and the adjustable
delay properties of magnetostatic-wave devices present a major

advantage in terms of device performance over other existing devices

sucn as SAW devices.

Table 1.1

Characteristic Features of MSW and SAW Devices’*®

. ameoman e S e man Ao Jvan e S vt ivins S ine R SR LIRS LY oy

Property

Maximum delay
per cm

Transducer geometry

Transducer dimensiong

Randpass filtering
capability

Adjustable delay

Power handling
Typical velocity (km/s)

Typical attenuation
(dB/us)

Dispersion

rased on recernt

MSW devices are cwmnmariced

be seen that MGW fevicess

MSW

Hundreds of ns
Simple/moderately
complex

Invariant with
‘reguency

Good

10 tc 1000

& at 1 GHzs

20 at 10 aiiz

SAW

Hundreds of us
Complex

Decrease as fre-
quency increases
Excellent

Not in a single
device

1 W

2 to 6

1 at 1 GHz;
¢0 at 10 GHz
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Table 1.2

Prime Applications of MSW Devices

Device Microwave Function ‘,2,:
Nondispersive Phase locking of pulsed oscillator, -Ifll
delay line signal correlation, communication path .

length equalizer, rate sensor

Dispersive Group delay equalizer, pulse compression,
delay line compressive receiver, rate sensor,
frequency synthesis

Tapped delay ECM deception, PSK matched filter, Fourier

line transformation

Variable delay Target simulation, electronic timing

line 4

Bandpass filter ECM, radar, communication satellite :
repeaters .

Tunable resonator Narrow-band frequency filter and
oscillator applications

MSW directional Signal routing, switched delay line ff:fi
coupler :::fj
MSW oscillator Stable microwave source ‘ﬁ;]
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microwave communication systems. As noted in this table, their

prime applications are in the areas of delay lines, filters,

. 10-19 . cas
oscillators, and resonators. The conventional means of exciting

magnetostatic waves are by metal transducers that have been analyzed

extensively in the literature.2’”®®

1.2 Previous Investigations.

Previous analyses of various types of geometries for MSW

propagation have included the following:

1. The first structure consisted of a YIG film deposited on a
substrate (see Fig. 1.1) and was investigated by Damon and Eshback. 3°
The input and output transducers were microstrip lines. They deter- T
mined the different propagating modes that can exist in this structure.
A summary of all the propagating modes for different magnetization
directions was reported by Adams et al.?

2. A multilayer planar structure with ground planes was con-

8,39

3
sidered by Tsai et al.?” and others (see Fig. 1.2). In this
work, wave propagation in a normally magnetized structure of infinite e

width was analyzed. Daniel et al."? reported a complete summary of

the wave propagation in this structure for principal directions of
magnetization.

3. Youn@;"1 considered wave propagation in a metallic trough
partially filled with YIG material as shown in T'ig. 1.3. He derived -

the dispersion relation for two important propagating modes that

Statlre ak aa s A a e ek

can exist when magnetization is parallel to the slab plane. e
4, Pinally, a long rectangular YIG rod with metal boundaries - .

was investigated by Auld and Mehta“? (see Fig. 1.4). They studied




FIG. 1.1 YIG SLAB IN FREE SPACE.
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two possible modes of propagation in this structure, using a mode
analysis technique, and derived a dispersion relation for each case.
It is to be noted that in all the reported structures, the
ferrite is inside an unbounded space except when the guide is com-
pletely filled. The case of a ferrite slab enclosed in a waveguide
as shown in Fig. 1.5 has never been studied. This study will con-

centrate on the analysis of this general structure.

1.3 Outline cf the Present Study

The purpose of this study is to analyze magnetostatic~-wave
propagation in YIG slabs placed inside a rectangular waveguide as
illustrated in Fig. 1.5. The general formulation of the equations
for magnetostntic-wave propagation and some known results for cer-
tain special structures are given in Chapter TII.

In Chapter III, the case of a ferrite slab in contact
with both sidewalls of the waveguide is discussed. This part can
be treated as a bcundary value problem and the method of mode
annlysis i conveniently applied. In this method a certain mathemat-
ical torm for the votential function in each region is adopted so
that it satisfies the btoundary ccnditions. Matching the potential
fields and normal frield components at the slab intertfaces gives a
system of linear equations which, upon mathematical manipulation,
vields the desired dispersion relation.

When the width of tte slab is Tese than the width of the

Fuide, that is, when x # O (Mir. .47, the mode analysis appears
O

S e T e - . St et et
Lt . . s e e e . 2" o e gt S LA
WAL WV AT U GNP N R P W U N S U S UL YT VLAV Y

tr he fruitless and the Intorrsl epuution ceons Yo be more apnrepriate.
For cimplicity, the slab is ascumed t- bo thir {4 » D) and
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mathematically it represents the scurce ot magnetic charges. In
this way the integral equation is tractable and yields the disper- -
sicn relations. This is given in Chapter IV. Parallel and normal "
magnetization are considered separately in the wave analysis of

Chapters III and IV.

In Chapter V, numerical methods emplcyed in obtaining
numerical data and dispersion plots are presented. The results
presented in this chapter extensively describe the device behavior
and performance under different geometrical configurations.

Finally, Chapter VI summarizes this study, sets out con-
clusions, and offers suggestions for further stud: . Appendix A
contains sample computer propgrams  developed to invesligate the

structure shown in “ig. 1.7 for H o inn the x- and z-directions.
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CHAPTER II. MAGNETOSTATIC-WAVE PFCPAGATICH

2.1 Introduction

In this chapter, the mathematical foundation for magnetostatic-

wave propagation in unbounded and bounded ferrite media is introduced
and the governing equations are derived. With the help of a per-
meability tensor derived for an anisotropic magnetic medium, it is
shown that plane wave propagation of electromagnetic waves in

unbecunded ferrites leads to three regions of interest in the

frequency (w)-wave number (K) plane. It is seen that magnetostatic-

wave propagation is possible only in a limited range of wavelengths.
In this range of wavelengths, Maxwell's equations can be simplified
which makes it possible tco ignore the electric field and derive the
maenetic field directly from a scalar votential {ield. When this
approximation is usmd, the sovernins partial differential equations
inside the Y17 slat can Lo derived.

Wave provaraticn in s loarea rectancular waveguide under
the narnetcstatic aryrowing D1 1o discusced and a set of boundary
conditions which rmurt be saticiicd at the metal surfaces and slab

interfaces are introijuced. Finally, core knu-wn ciructures are

analyzed and the resulte are 1recented.

.. Derivation of Effective Fermeaility.

Ferrites are ceramic=11xKe rroretiv materinals yhore hivh

resistivity m

microwave frequencisc. The *tercer peemerility of a2 ferrite is

derived ucinge Dewtop ' oo Do ot o where the cxehange
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forces ard core leogsses are naerloctel:

- 7 o Cix R {(2.1)

where M = the total magnetic moment rer unit volume,
i1 = the total interisl magretic Tield and

St

Y = the gyromagnetic raticwhich je equal 1o 0 2 Mo/ e, in Ors system.

Assuming harmonic time devendence Eq. 2.1 may be expressed as follows:

a .= ot = - ‘ = Jat "
oo +tme ) = T“o(no +rmen ") x (A + ke Y, (2.2)

where M 1is the saturation magnetization vector; H 1
e} ¢}

4]

the de magnetic
field vector inside *he slab which, due to tle neglect of demagneti-
ielde, is the same as that outside the slab; and m and b
magnetic rmoment rer unit volume and the FF magnetic field
vectore, recrectivell .

Negurning the de fields are much larveser than the RF fields and

" ing the terre oF order Lipter than the e w2 0n
- - B LA I ey
et omes
'..‘ Y . - = \ {2
Jur = on oyl X h o+ omox ) . (2.3
C o o

I7E dg in the z-divection anid &I ir tervendicular ¢ , then In.
e
LPoeon te exsregsed o terms of fts coraonerts oy Tollowe:
T N LN k‘... - ) »
v = ) " -+ ,
hl
arc
» = 7 .

where

! = e - .
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K = me/(w -w) .,
wy T OMJYH -
and ;
wM = u vM .

Expressing these results in terms of a permeability tensor yields

b o= uo(g +m) = p-+hn |,
where
L -

u JK, 0 .
W, = | - 0K w0, (2.ka) -
0 0 1
where u = 14y, IfH is in the x-direction, 3; from Eq. 2.la —
becomes
1 0 0
?r = 0 " JK, (2.4b)
0~ JK; u
The relative permeability tensor given by Eqs. 2.4 is the value of
f cfPective permeability that must be used in Maxwell's equation for : jb
?i‘ regions containing ferrites, 1In order to include the effect of E$

%. exchange forces, W in Eq. 2.4 must be replaced simply by“a

w. =w +w 1°K? where w__ = yH , & and K_are the lattice constant
r o ex o ex ex o
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and the free-space wave nunber, respectively, and Hex is the internal
exchange field. Maxwell's ejuation in cenjunction with the permeability
tensor from Egs. 2.4 can ve uzed 1o sTuily plane-wave propasation in

untounded ferrite media.

2.3 Plane Wave Propagation in Unbounded rerrites

Magnetostatic waves have wavelensths much greater than the
lattice spacing and therefore it is appropriate to use classical
theory rather than quantum theory. The small-signal theory of a
lessless ferrite is based on Maxwell's equations. They can be
written*9°5% in a form that includes the permeability tensor of the
ej (wt-K- 1)

ferrite. A plane wave solution of tine form is assumed.

Tt therefore follows that:

and

v (',.’h)

Solutions to Da. 2.7 wero dizcussed by Seidel.51 It i3 con-
venient to ascume that the macsnetic bias field is in the z-3irection

and the propacation vector ic in the y-z plane at an angle 8 with

the z axis. Includins i - xehande term in the permeability tensor,

tiie aispersion relation T ound o be:




-1h~ .
1
P ' 2 2y qipt c2 2 2
K2 (w® - u - Ki) cin? a + 2y L (pf - w - Kl) sin® 8 + Lkl cos? @] ~
Xz - 21y - 1) ¢in2 g + 1]
o

where K% = wZEuO- The correspondirs RF
o)

, (2.6)

electric and magnetic fields are:

:

2_
u(KO/K) 1 cos B
J K 2in? 9 - (K _/K)?2
; 1 e}
_ K ruy° -iKer
e = _-—gfiﬂ cos 6 e " (2.7) .
K (€
[_ - sin 8 J
and
B ]
(K /)2
o}
u(k /€)% -1 ReT
T o= j —2 T (2.8)
K
1
. /72_ d
u(ho’h) 1 cos 8 sin 6
J ¢ T 7 B 3
K, sin® 8 (KO/K) J .
Equation 2.6 defines u manifcla cf dierersion curves " teurdea —
by curves 6 = 0 degrees and § = 90 degrees as shown in Fig. 2.1. At

each value of 8 the medium supports two types of waves, an ordinary

12

wave for which K/Ko 1 and an extraordinary wave for which K/KO

becomes very large at certain frequencies. As seen in Fiy. 2.1,

the inclusion of exchange forces causes “he lower branches of the

extraordinary curves to bend upward for large values of K/KO.

The lower branches in Fig. 2.1 may be divided conveniently
into three regions.
1. K/Ko ¥ 1. Here the electric and mapnetic fields of Fgs.

2.7 and 2.8 are of comparable ragnitude. This may be termed the

. "
cation,

"electromirnetic

region of rovs
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cew /(o 2267). brom i, 2.7 it i
2, 1 << K/Ko < no/(Aer ¢). trom Ey. 2.7 it is seen that

the electric field is neglipibly small in this region compared with

the magnetic field and can eventuaslly be neglected. Equation 2.8

becomes:
— . 8!
ho= S| e (2.9)
- 7 vot G/K1

-t

where terms of order (KO/K)2 have been reglected. It is shown
easily that the magnetic field in Fq. 2.4 satisfies the magnetostatic
equations which can be derived from Eq. 2.5 as follows:

Vxh = 0 (2.10a)
and

7« (u-n) = 0 . (2.100)

This may, therefore, be termed the region of "magnetic propagation."
It corresyponds to the very flat portions of the dispersion curves

where the frequency ics w? = . + Wy sin? 8). These waves are,

J (LA}
o o
therefore, characterized by a low-phase velocity and a negliribly
small group velocity.
212 ] . s a e .
W P K K/K . Here the magnetic field is sapain
3 JO/(wex. o) << K/ ° € £ C frai
given by Eq. 2.9. However, the exchange term now has a significant

effect on the shape of the dispersion curves which bend urward into

tre fymiliar exchange spin-woave manifeold:

,.‘\2 = (m + o QZKZ)( [ Vvy}"x? + Si“c ﬂ)
¢ [ade o) X M

Tric may be termed the region of "exchanse rropagation.” These




r..‘?..‘__,_,rf..r.r. —————— L R -

L% o

recions are of courre not charidy sefine),  cince the propagation
characteristivs vary contirucus?y with K/K . - 4
. - PY
e . . N . v .‘
fhe wave prormnticn alecacsed Lere was in the absence of any .

surfaces ani basically igncred e finite dimencicrs of the ferrite e e
raterial which is of signivicant value to engineering rroblems. Most -
)

0f the structures studied so Tar in the literature are slabs of

firite thickness and irlinite width., In the next cectiocn the

governing equaticns for masnetoctatic-wave propagation are derived

and the boundary conditions that must be satisfied by the rrcragating

waves are given, rinite dimencgicns of the ferrite material and the

relative orientation of the masnretic bias field with respect to the
rroragation vecter K leail to different modes of propagatiocn which are

dicscussed in the next section.

2.4 Magnetostatic-Wave ircracaticrn

Wave propagation in a ferrite meaiwr of infinite extent was

[
b s

concidered in the ot ion, G owaliditn o0 trhis idealization

a: an approximaticn te the marre 2static-wave roriraration in a finite

s - . . . p . 52~54 - . J
roediunm of a rectansular wavesuwice 1o examined next (see Fi-L0 1057, S .
Ylhe trangverse dimercioro o0 the wave e are cracn ocomiared to the

electromagnetic wave ler "t wna the 100t o ot ie mooe g oare either 1

cur-oft waves or leaby wavee. T T

- - - -]
' - N . .. . N et F e e . ° -
2,401 Governirg FMounticno.o DnoJees i U0 1 war shown that .
Maxwell's equatione fvo oo meonet ciat e srproxicatisn roelice oo o -
- - ‘-
= ~ \ .
x o= (C.11a)
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This permits the definition of a magnetic scalar potential ¢ by
defining h = V¢. The magnetostatic field inside the ferrite is

roverned by the eqguation:

" Voeuwse = 0 . (2.12)

When Hdc is either in the x- or z-direction, Eq. 2.12 tsakes the

following forms:

In all succeeding analyses, the time harmonic variation e

0., tule ¢yy) = 0, Hy |z (2.13a)
and
b *ulo * ¢yy) = 0 , Hy, | x (2.13b)
; The scalar magnetic potential satisfies the following equation:
; v%¢ = 0
S or
s + + =
E ¢xx ¢y_y ¢ZZ 0 (2.13¢)
g outside the ferrite.
g Jut

is assumed and is omitted for simplicity. The wave propagation is

m -JKy

in the y-direction and varies as e . Thus Egs. 2.13 reduce to

the tollowing forms in the YIG slab:

® + = uK? z 2.1k
- Wy * b, wke , Hy o lz o, (2.1ka)
+ = 2 X 2.
by ¥ HO,, w2, Hy |l x (2.1kp)
and in air
® 2
' + = K . 14
- ¢xx ¢zz K% (2.1he)
:f; 2.4.2 Boundary Conditions. The YIG slab is enclosed in a
’ metallic waveguide and the following boundary conditions should be
®
5, satisfied at all metallic guidewalls (sece Vig., 1.5):
D
e e e T e T T . ) . R
AP I JPLAP G WP AT P S Sl Sl Ny Sl H_Lh"-.h‘li i h h.'..'. ili a e Iy o S S e S
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Bl
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o = ot = N N
e “lX Ly i1
i
.o = G oat oz o= 0, t .
Ae seen in Fic, 1.5, the o iviong thnn must be

the four sliab-air intertaces are azs foll ws:

3. ¢ contirusus at oo o= o

L. ¢ comtinucus at x = x . (o - x )
o
5. b_continucus ar z = o, 7,

and

6. Db, continucus 4t x

In meneral, thie problier iz

methiod where the slab can be conzidered tao

cnarges,  This formulation, though complex, is very

e slab width ic less than the pulde wiidt

ancwers to the disverainn ou

1
s

.

hoand rrovide

(2.15a)

(2.15b)

satisied at

(2.16a)
(2.1€b)

(2.16¢)

(2.164)

wlved by the integral equation
e the source of magnetic
succegsful when
accurale

eoulred Tor plciting the

surves.  Thic general cace o dlscussed and aralyzed in Charter 1V,

Swever, in o the specind o

-

cliewalle, the problem cuar e wrented
and o4 simpler method, .o,y node waalyela

in this case. Thig cuse ic consiered irn

2.L,3 Modes of

Chpter 11T,

i thin films has been invectiyatel oxionsivein
vropagnting modes have been used Tn o device artllication,
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passband and magnetic bias tunability. The following is a brief
discugssion of these modes.
1. The magnetostatic-surface-wave (MSSW) mode in which the

:; bias field idc is perpendicular to the direction of wave propagation

I: and both are in the plane of the film. This mode has highly
anisotropic propagation in the film plane and the mode energy is
confined to the "top" surface for forward propagation and to the
"bottom" surface for reverse propagation.

2. A second mode is the magnetostatic-forward-volume wave

(MSFVW) in which the bias field idc is perpendicular to the film
plane and is characterized by approximately isotropic propagation
in the plane of the slab. The lowest-order mcde is usually most
easily excited,

3. The third mode, the magnetostatic-backward-volume wave

(MSEVW) exists when the direction of the bias field and propagation

are the same and in the film plane, This mode has opposite phase
and group velocity directions, is highly anisotropic, and is
multimoded as in the M3MVW case.

Fipure 2.2 chows the dispersion characteristics of the three

]
modes of operation propagating only in certain frequency ranges.g
In thig figure the alcpersion characteristic of a surface wave when
: one of the surfaces 1v metalliced is alsc shown. As can be seen,
)
) the propagat]on bandwidth Inereases and device performance is now
18 %eramnt
The ddc 0 3 Dacins rrouant plnner du the vicinity of a YIG
)
slab nna thus clhragrlngy $00 divyerciy chnrpetoristics and its group
. . . . {7_1'0 + . . .
Aoty was e stisnt o, Jrotne Tetlowine cection, the
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progressive structural deveolopnent 37 the device is cited and briefly
analyzed.  In most of thece ifrvesticatad Suructures, the YIS slab is
assumed to have finlee Shicrres: and invinite width., The latter
assumption is net realistic in -u. oineering 3encse and needs to be
modified. In Chapters IIT and IV, finite-width slabs are considered
under general boundary conditions.

2.4.4 Results of Previous Investigations. A literature

review of propagating waves in several structures is presented next.
1. Unshielded slab in free space.? This configuration is shown
in Fig. 2.3 vhere three principal directions of magnetic bias fields are

shown., The three different cases are discussed next.

a. Hdc in the x-direction. The propagating waves in this

case are called magnetostatic-surface waves (MSSW) and the dispersion

relation is given by:61
~)2
(wy/2)

2Kt
(o + (0, /2)]2 - 2 ° (2.17)
o M

e

where t = the slab thickness.
b. Eﬁc in the y~-direction. The propagating waves in this

case are termed magnetostatic—backward-volume waves (MSBVW) and the

. ot . . 6o=gl
dicrersion  relation is found to be:0276Y
2 cot aKt = a - a”l (2.18)
where
ol Bl
o) -
_ o
b = >
‘ woiw t wa) = W
[} B
c. H in the z-direction. Theso waves are called
de
s { o P ER e
magnetostatic-forward-velume waves VW) and the dicpersion

. . . O e
relation i siven by:065965
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, (2.19)

where

The three waves are for a slab extending in width and length to
infinity but with a finite thickness. Equations 2.18 and 2.19
provide many modes due to the sinusoidal nature of the dispersion
relations.

- . 37-39 .
2. YIG slab between ground planes. Two cases of interest

are dicussed (see Fipg. 1.2):

a. FParallel magnetization. The disper<ion relation is

(y - K - tanh Ks_){y + K. - tanh Ks_)
_ 1 1 1 2 (2.20)
© T (u v K+ tanh Ks )(uw - K+ fanh Ks)) :

B

. Normal mapnetication, he dispersion relation for this

. v < L N
cace 1s found to be:’”

g~ tanh ¥'+ tanh K's

where gf = = 5.,
il

3. rartially ohicided olab with parvdallel magnetization. The

P m

cecmetry for this coce s obhoam dn vie. Dode Twe modes of propagation

are pocsolbile Ino tiic poe 2 Crre nrer cdiceuecet below,
9. Tre vyt e beoaric o frovhe confisuration of Pig. 2.ka

and ic ealled *he territeorcral (200 woge, The surface wave clings

to the chiolded aurfece,  The al.rersicr eelation ic civen by®?
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where
Al

{{(nn/e)% + ux? ' /u}°

s
!
I}

, nno= )1
and

' [

\.’7
‘n1/bit o+ K2

" -

b. The second mods urises in the cenf
and is referred to asg the ferrite-air (F¥A) meode

wave fields cling *o the unghielded surface. The disperci-n relaticn

is given byl‘1

=
1l

(yr'l/QKl){[l + L(“Yn/Y;;)? + \u(m_]/-,') coth ~,ra]’ + 1)

when the directiorn f roparaticr ~r the marnetic field 1irectd

B L 12 ot (e
reverced, the properties of the il PN omodes are lntercnaneed,
Thege are shown in Yig. .5,

L. Completely filled ruide.w ST struerturs Toy o tie cas

is chown in Fig. D.fa. 1t ie found that the rropreoat ine moaer are
cither surface cr volinme waves Lt propseats o1t o t Trejuensy
ranges.
i, Volume pestos. The digcrercion recation U oenic omode
foocivern by (ngm #0
LA 7S R T S L L VS NN (2.2hy

WIere mon o are nontor inteser:s,
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b. Surface waves. 'he disgpersion relation for this case is
ziven by
2
2 (nn/v)
K = —-:rJL‘———— >0 . 2.2
“‘1/“) - u ) H ( 5)
These two cases are plotted in ¥ig. 2.6b for H = 500 Oe and

de
a = b, In thies particular case, the dispersion relation can be

L . s
2 As noticed here in almost

shown to be independent of dimension a.
all the structures, magnetostatic-wave propagation was studied in
unbounded media, thus giving only an approximately answer to the
problem of the wave propagation in finite-width YIG slabs in the
rresence of boundary surfaces made of metal. Under these general
conditions the solutions offered here by the widely known boundary-
value~problem technique would no longer hold and & more powerful

technique, i.e., the integral equation method, must be employed

in order to obtain reasonable answers.
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CHAPTER III. MODE ANALYSIS

3.1 Introduction

In this chapter magnetostatic-wave propagation inside a
waveguide partially filled with a YIG slab (see Fig. 3.1) is investi-
gated by the mode analysis technique. The slab extends to both
guide sidewalls and therefore the problem can be treated as a
boundary value problem.

The differential equations to be solved are:

ve(uve) = 0

in the YIG and the Laplace equation V2¢ = 0 in air. The potential
field in the air or YIG regions can be written in terms of a Fourier
series expansion. The Fourier series expansion in each region should
satisfy the boundary conditions at all metal surfaces as given in
Section 2.4.2.

Matching the potential functions at the slab interfaces
provides a system cof linear equations. Rewriting the system of
linear equations in matrix form and requiring a nontrivial solution
tc the problem results in setting the determinant of the coefficient
matrix to zero. Solving this equation for roots yields the disper-

sion characteristics.

3.2 Potential Fields in the Air Region

In Fig. 3.1, the differential equation that should be solved

in the air region is the lLapl-.ce equation:

by * b, = KT (3.1)
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] Solutions to Eq. 3.1 in the air regions (I and III) can be written
as a combination of even and odd sinuscidal harmonics in the x-
. direction and in terms of hyverbolic functions in the z-direction
i as follows: -
oo}
nn .
¢ = 2 A cos — x + B sin — x|[¢C sinh y' (b - 2)
1 1n 1n € mn n
n=o .
- ~JKy
- + D  cosh y'(b - z)] 29 (3.2a)
1 n
and
v )
nm
. 6. = ) A cos T x + B osin— x [0 einh y'(b - o)
3 in a in a ) 3 n -
0 n=o
oL e -, (3.2p)
oy -
] where
r i
. ‘ PN
. \ .. 2 broe
. yloo= R+ o
:“ n (o
‘ Equations 3.2 should ncw catic T tie bout s voritione tlver in
. Section 2.Lk.2. From Jonditirn 7, vos (hg/ax) = 0 oat x = 0, &,
T This fives
1‘ = .
D P
. and
IS = 0,
- ain . :
S
. R , . N . . E
D Yrom Condition O, t = (94/7c) = "« = = O, b, This gives
c T S
X and -
» 1
- I = 0 .
) 3Tl 1
J
: -'~‘ N A - e e T .'.... - . . Tt e et <.
) W LY . ~ S ~ o - J~;' ~ < WSO e e .é'.::'




Therefore, Eqs. 3.2 simulify ¢
[¢ 0] 'K
. 1.1 ) -3Ksy
b, = Z Locos x 2coh ' (L - z2) e * a4
v I r
=
and
@ T
i 1 1 - rn
= Loooos T X oo Yoow '
¢, néo T Y ‘ : ’

where An and Dr are unknown congtarts wnich
i

the potential functions and normzl magnetic fields are

tte slab interfaces.

3.3 Potential rields in the YIG Region

The directicn of the bias magnetic field in the

plaune can be cnosen to be either parallel or normal to

in each case the partial differential equation for the

fields in thre YIG given by v-(;ﬁ¢) = 0 is dependent on

o izaticn. Therefore each case is

magnet
1. Ytarallel magnetization,

P

wr.en ‘,r ig in the x-directior (see Fig., 3.2) from Fa.
ac o
wnin as
- =
ll §] ‘
I
= u ir.
Ur , ! 1 s
R
. b
[ * —
whore
— h) 2
1 = st [ -
ot
“l 'l’ - .
Srom Jeelion 2,600, the potentiol wnendonoruer cnuio!

equntion:

will be determined when

analyzed ceparately.,

The relative permeability tensor

.
N
3
@
1
]
(3.3) L4 4
(2.4) 1
b
®
matched at
. @
cross-section L
the YIG slab. L 1
potential ]
the direction
®
2.0t ig written
L ]
(z.8) X
®
1
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b ot = uild . (3.6)

The following torm ¢ oo s Jus i L o

divion 1 (Section D.L.55 in i v

©
1
3Hoe~18
o
7y
i
:‘y
~
[
ry
+
+
[
-
R
it
-
w
-

8]

where B and C are arbitrary congtants and
n n

Frr—t

. (3.8)

2. ©Normal murnetization. The de marnetic field is in the
z—lirection (see Fir. 3.3) and the relative perreszbility tensor

from Fg. 2.hka is eiven by

l R : Cel e egtmtion:
M A + . .
- 4»,1“‘\
+ - \3'~\/'
’ - Y v + [ i v . N
Y ! RO SUSR 1 v , Lo el Lo




-36-

z¢

b b T ¥ s

1
77 T 777
ndct M [ |s

Sdd LL L L L LL L L L L L L L L L L L L —

0 Q X

— e e e

FIG. 3.2 PARTIALLY LOADED WAVEGUIDE WITH }—{—dc NORMAL TO THE

YIG SLAH.

<
- p
-

<

. 1

’

- e .- - - « e RPN - * - - -
T T T N e e T T e e ey e T e e T T e T T T .
PR, e S N L N S A L AN S G SN SR |




Avplying boundary cordition 1 tlwovion €.e.2), 1.

'ril?'.@ Vs

u{ae/3x) +

L= pi oa  + A Alb FADT SIS B AR TR + 1 - . 4
non 1 ! Lo r {
e ~
NETRNEA
]
3 .
. . .
{
f¢1 - 2i P2 2N 4
n
ard
ey
I\lrx
v = - B . NN ®
n (nﬂ I
R RUs
Wi
£
Shusienaliy, fiely fc rerreraislar =0 i1l
vlnne, the modo o the forward v lore AT e oye el ®
in Teetninn Sua. s, RS R ¥ S S SR RUNS S SO A SR LS T PALTE R X e
o n .
Lo tlhe et e . G el et e e e Ty e et
IR S o Yo - . P PRI A . .
orin o tor oS [ E T . N N [ [ Y
. .;, g ey . S SRR N N o o fr, 40k 9
M <
- . L - . . : e TR .
3 . AR oy - e+ | ' . . - S B
b . - ; ; . g
Yol e : : ood.LE, °
4
e el ' W :
. ) (R A
. - - - - - + N Lo
' ' ' ! ’ ’ °
B 1
N -
K T * -
P - © 9
N - r
N . . .
i
P GG IR DI 1y B P G Y ‘_4. e ‘AV-J“ LA.‘ - ?_.'.1".‘

8

(3.12a)

R

2l




N e T

Equation 3,1L represents the jpovtern: !

slab in terms of the unknown conet o

potential functions at the clav i1

relation and allows the loterr v

3.4 Dispersion Relation

To obtain the dispersion re
3 and 5 from Secticon 2.4.2 muct he

magnetization case as follows:

1. Parallel magnetization. C=z

of the potential functions 3.3 and

z = zl, Z,. This gives

Y A cos I % cost y' (b -z ) e

n a n 2
n=o
and
o .o
ny SIS
Y DL cos —/ x cosh y'z e ™ =
t. o a n"

Condition 5 require: continuity of b

z =z and z, which, urnarn equating

oy
. T \
S‘ - Ay e — X ogairh b -
L‘,' n': Y]
1n=c
, N O S ¢
Tow crEh o e 1
i P :_\ ';\’L.,L.“ PR Ll o

P

PR S >

ol .

apl. o

cndivticn 2 oroviires o

3.4 (in air)eni 3. in

K:]r

w0
nw N
cos — x{B cosh z
E : ( n Yn 1
n=oe

\ . - Ky
+C sinhoy 7z ) e VY,
n n 1

at the interfaces

o

{from Eqe. 3

=
ol I, .
= ) cor — x » (- K K
= n
.=
W
M R TE sty R
R oy T
PP S A-_.

cosh v

(3.15D)

2, 2.4 and 3.7), gives
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The existence of nontrival scluticne for Ap, E , C and D requires
! n n n

the determinant of the cceflicient matrix in Eg. 3.16 to be

zero. This yields “nhe followings dispersion relation:

- tanh y t[X°K° - piys = ' tarh y's_ tanh y's

- K K tanh vy's
o n’ 2 ! 1 Yn( Yy

2

3
J

1l

- ¥ "'/<‘A 1 . N
tanh Ynsl)] *ouy, vy (tanh yls o+ tanh vy o , (3.17)

to

Py
n1
where t 1s the thickness of _he YIG slab and s and g, are the thick-~
nesses of air regionsg 111 wnd I,

An alternate fcrm of Eq. 3.17 is given by

5 - K K - y' tanh y's ) + KK - 's
2yt (uy Kl Y, ant Y, 1,(uy PIK y! tanh vy

1
n n )
+ K K+ y' tanh y's - KK+ y' tanh v's )
(uyn 1 'n AS% 1)(“Yn 1 Yp VEREY )

(3.18)

Equations 3.17 and 3.18 are exact dispersion equations which determine
the frequency range of propasation of each node independent of the
existence of the other modeg,

These enquaticng reduce to simpler forme when some or =221 of
tre metallic boundary surfaces are driven te infinity. All thece
caces are studicd wnder the teading of Jderenerate casgses in a later
section,

2. Lermal meynetizatvicon, Malceldng the potential functicnge mnt

normal marnetic fielde in tve aiv (Pgo. 3.3 and 3.L) and in TIG

{iq. 2.1h) at thre interfeces ¢ = 7 e o oon the baris of Toriticons

.-




vy ey e s e 0 o o

“Lh-
e ] 'K o
' - nn =JRY nm
N A cosh yn(b z,) cos 7 X e = ) |cos S X
n=o n=o0
KlKa . 3Ky
- in — X ¥ + in ¥ -
o sin 2 ](Bn cos y 2z, ¢ sin ynz2) e , (3.19a)
w0 o
m -3 ~ m
z - y' A sinh v'(b - zz) cos T x e Ky - X ¥ lcos 2= x
L n n n a n a
n=o n=o
KlKa Ky
- ~— in ¥ + s Y -
. sin x| (B sin 2 C ocosy 22) e . (3.19%)
oo - K o n K lKa
Y D cosh y'z cos x e Y = ) |cos L x - sin — x
L & a unm
n=o n=o
(B cosyz +C_sinyz )e Y (3.19¢)
n n1 n n"1
and
v ' . ' RGN -JKy = T - [ nm
Y Dy, sinh yjz cos T x e ) ynkcos 2 *
n=o n=o
K, Ka on . . - jKy
- T osin T Xl(Bn sin v z, *+ Cn cos Ynzl) e VY, (3.194)

Ais can be seen in Egs. 3.19, all modes except the zeroth order are

coupled and one cannot exist without the others. This phenomenon

leads to mode coupling which complicates the elimination of the unknown

constants,An, Bn’ Cn and Dn,in order to find the dispersion relation.
iiswever, the following procedure jg adopted to obtain the dispersion
relation:  ultiplying both sides of Fqe. 3.19 by cos (mn/a)x,

irterratite along the interface from O to a and noting that
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vields the following results:

A cosh y'(b - z k
m m 2 m

n=0
nim=cdd

m m 1
0
o 1
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nin=ordd
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Loyy oinboy o ,K(Lm cin y

He~—18
jkd
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Upon elimination of An and Dn from Egqs. 3.20 the following system of

linear equations is obtained:

o
BR +CS +P '} (BR +CS ) = 0 (3.21a)
m mm m mm nso n mn n mn
nim=odd
b
i and
3
BR' +CS' +P ] (BR' +CsS') = 0 , (3.21b)
m mm m mm neo n mn n mn
nim=o0dd
where
R = ' tanh y! ¢ - Y in v
n an(Ym anh y's cos y z -y, sin Ynzz) ,
= ' h v' P -~ ~
Smn an(Ym tanh y's  sin Y2, * Y, cos Ynzz) ,

R! = ' tanh vy! z 4 v in ¥
- an(ym Y2, oS ¥ y sinyz ) ,

w

! = ' tanh y'z ¢i Zz ~ Yy COs z
mn an(ym Y2y =10 Y Y )

o
n

mn

and

P o= - hKlKa/Lm2

N JEARGANAG

Equations 3.21 provide an infinite number of linear equations in

et
L

I IR e o o
B

Bn and Cn which can be expressed in the following form:
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] i = 6 (3.22)
. . . . . \, .
. R |
T . M, . .
il i2 ii i{ i
!
[L_
. . . . . .
L e
where
S_,‘ Tor 10t § = odd
- 1/
- s
- and 1 = 3
o!.‘
il
i
o = T i 3= eyen
i. '
and
RN = .
pontriviel oard urioae selution oF 3.22 for N,.'s exists if the
1
o Jte relerminant trhe coefficient matrix 1s set to zero. In
areertenr eomrutstion, tre dniinite terminant is truncated 1o a
Sirite order,  The socuracy of the truncation  and numerical resulte

‘rocuszed in Chanter
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a. Filled guide. This case corresponds *o s, = 0 and
s, = 0 and was presented in Case L of Section 2.L.4., From Eq. 3.17

the following is obtained:
tanh vy b 22 4+ 242 =
(tan Y )(KlK u Yn) o . (3.23)

Setting the term in the first parentheses to zero in Eq. 3.23
gives

tanh (ynb) = 0 . (3.2W)

If 4 < 0, the solution to Eq. 3.2L4 is given by

Y, = 9y - (3.25)

Combining Eg. 3.25 with Eq. 3.8 yields Eq. 2.2 precisely.

Setting the terms in the second parentheses to zero gives

2 - 212
vy, = - KK/ (3.26)

Combining Egq. 3.26 with Eq. 3.8 yields Eq. 2.25.

b. Infinite-width YIG between ground planes. If a > o,
the problem reduces to that of Case 2 in Section 2.4.4., Equation
3.17 yields the same equation as Eq. 2.20 upon proper substitution.

c. Infinite-width slab in free space. ILetting a » o,

8. > @, 5, > ® reduces the problem to that of Case 1 in Section

2.4.4 and Eq. 3.17 in this case corresponds to Eq. 2.17.

2. Normal magnetization. Here one simple case of interest is

derived and the other cases simply follow the same procedure. Through
analysis, it was found that the zernth-order mode is uncoupled and

corresponds to the case when a + », i.e., when the YIG slab is

[
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placed between two ground rlanes. “hie structurc ag shown in Fig.

. . . 37,40
3.4 has been investigated extensively. *

T derive the dispercion relation, the Jdeterminant of the

zeroth-order matrix (MOO) from Ya. 3.22 must be set to zero as follows:

I S
ala] 9le]
det (M ) = Q0 - ‘ ‘ = 0
[ate:
o ;,3' Sl
Q0 [gl0]

and

R &' - p' 3 = 0 ., (327)

) I .
00 0O Iolsilisle
Upcn substituticen and simplification, kg. 3.27 tecomes

altanh e, + tunh }{zl)

an (akKt) = —— .28
tan tart) a? - tanh 'rﬁ?.? tarh :'\21 ? (3 )

where

X = - S i .

a . . T
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- - jK
K ¢1(x,y,z) = 4¢(x,z) e TR .
- - -JK
b (xy,e) = Blxz) e
-JKv
Gl(x,y,z) = G(x,z) e Jh ,
]
- IKy
bl(x,y,z> = blx,z) e "7 ,
. =Ry
hl(x,y,z) = hix,z) e ",
)
/ ",:'K,V
mo{x,v,7) = m{x,z) e , .
~y
ol (.‘ia:-'a ) = o » £ '
v
) 1
an«d p
=K O
PRSI S BRI ST . »;J
1 1
)
e e e e e i e B e e e e e

2, Ry means of the "marnetic sources" and appropriate Green's

function an integral expression for the potential function everywhere

inside the wavepuide (inciuding the ferrite) can be written as follows:

o, (x,y52) = JIJ p {x',y',2")G {x,y,z) av'

YIG
volume

where ¢1(x,y,z) is the potential function, Gl is the Green's function,
(x,y,z) is the observation point and (x',y',z') is the source point.
L4, Assuming wave propagaticn in the y-direction, the y-variation
of all functions involved in this study is therefore of the form -

- JKy . . .
e <V, In this manner the following can be written:
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Pig, bL10. The lounaary coraltion eon Glx,z) is that its normal

derivatives should varich <1 the four sidewalls.

Following the conrventional approach,67 5(x,z) can be expressed

as follows:

G{x,z) = g (x,2)u(z' - z) + Gz(x,z)U(z -z') ., (L. 4)

where 4 (x,z) and G?{x,:) zatlisty the homogenecus partial differen-
1

';ﬂ tial equation:

[7—7 + ;—yjﬁfx,z) - K%G{x,z) = 0 . (4.5)

“he boundary conditiom for Gl and G2 are:

1,7
—2 = (0 at x =0 , x =18 ,

a6

= 0 atz =0
~
3

fnet
33
2 .
- = 0 at z =0 .
3%
Formal solutions for G {x,z) and +_(x,z; can now be written as

[¢5)
G ) ! - Iy cost
G (x,z) = Z A coe — o r
177 L a ¥

! (h.ei)

]
A
[N

Eocos — x oconh b= 2) zos 20, (h6b)

- - ) = Laql/2
. whore £ K are some wnknown congctoantn snd y!o= "% + (nn/a)”] .
Peo determine Soan o, thie bovacaery oonditions oat ovo= oo (scurce )

nre arplied ag follows:

. i - O e o= ot . P L S
- 1. Thee cant inality of 3 oat » = n' and = IV

.

b. ’ - - -

h_‘Q'_ _'._‘ . '.- . . . R . ) n ._',' - .
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A cosh y'z' = B cosh y'(b - 2') . L, )

"n "n n Yn( ) (4.7) ;

2. To obtain the second source condition, Fg. 4.3 is integrated .

from z' - ¢ to z' + ¢ where € is & very small number. This gives

20 _ 10 S - nn ' L 8
3z |, 3z . a(l + 50“ cos g ¥ ) (4.8)

. 2 nn
i ' - ! - S51n ‘2! = < ! -
B sinh Yn(b z") A sinoh ylz a1+ 6on) cos = x

(L.9)

¥rom £qs. 4.7 and 4.9, A and B are obtained:

cos 2L x' cosh y'(b - z')
A= - (12+ T S e e T (4.10a)
n v 8 on sinh vy} .
and Jff
- cos %ﬂ x' cosh ygz' “i
o= - - . L.10b -
Ln yéa(l + 60“) sinh y'b ( )

Using Fqs. 4.6 and .10 vields the fireen's function G(x,z) from Eq.
b, in the final form:

nm o, nw
ool cos — x' ocos T X
: L Voeint y'b a a

C n e g

]

G(x,x',z,2")

0
e 8
i
5
-
+

"
. cach Yr"('b - 7' ecach vtz U{et - 2 o+ },

nm n , ,
.cos — x' cos = x cosh Y;z' cash y;(b -z Uz = =) . {h.11)
& [S) i 1
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L.3 Equivalent Sources

In order to be able to solve the integral eguation in terms
of” the potential inside the YIG ciab, the marnetic charpges must be
determined. HMathematically, the source of megnetic charges can be
considered to be the YIG clab. The mathematical form of the magnetic

charges in terms of ¢ strongly depends cn the permeability tensor which

itself 1s a functicn of rarpetic Lias 4 direction. 1u this work
parallel and normel magnetization are studied and therefore the
masnetic charges are derived separately for each case.

To derive the magnetic charges, the small-signal magnetiza-
{

tinn vector ;) must be determined. When the magnetostatic approxi-

mation discussed in Section 2.4.1 is used, the magnetic field intensity

{rh) in the slab can be derived as *ile pradient of a scalar votential

cunction ¢{x,z). Finding k in terms of ¢(x,2) leads to determination

i = = + 9] B ()v.‘;>
1. P .
Wil
- e o 7 S
¢! = = Jem 4+ jrm » Lol sa)
vV ¥
_ PR
} = Mol Lo 8t
an it dle a unit vector nornal to the glabl curfiee,  The amnllecisra)

narnetization (m) ic river by

whe re

— 0 - !
moos = -t Choola)
iy
[T A ST thos)
S O
. >)'
IS A e e I e — - PSP S " s i kA o s a
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and ;} is the permeability tensor derived in Section 2.2. Substitution

for b and h in Eq. L.1L gives

m o= (u, - 1)-(Vo - 3Key) (4.16)

where I is the identity tensor, i.e., all elements are zero except
the diagonal elements which are 1.
Thus with the help of Eq. 4.16, surface and volume charges from

Eqs. 4.13 can be written as:

o, = = 9el(u. - I)-(vd - jKoy)] + Jkm. (L.17a)
and

- 1).(vé - jKéy)len . (L.17b)

From Egqs. L4.17 it can be seen clearly that the magnetic volume and
surface charges depend upon the relative permeability tensor (i}). In
the following sections, oy, and G are derived explicitly in terms cof the
scalar potential in the slab (¢) for the two cases of parallel and
normal magnetization.

.3.1 Parallel Magnetization Charges. The relative permeability

tensor from Section 2.2 for EAC in the x-direction is given by (see

)

ro

Fig. b.

1 o 0
W o= 0 u JK, . (4.18)
0 - K H

Substitutions from Eq. 4,18 into Egqs. L4.17 vields p_and p_ as
v 3

follows:
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I b R SV 'Y PSR EIT SN Y PN -
p,(x,2) v JK(u - 1o + JK <y K Ko + (u-1) 372
20 s L Yy
+ K2y - 1)¢ KlKaz
and

. __( . ~ L 3b]n ~ ag(~{ -
oskx,z) = +1-Jf\(u-l)¢+JKl‘a‘$y+ —K1K¢+(u-l)5§2~z s

where the upper sign in Pe is for z = z1 and the lower sign is for
z = 22. Carrying out the mathematical operations in these equations ,

for o and rives -t
pyoand o R/

e = KA - Dae) - (- 1) ) (1.19)

q
1
1
N

ant

i 3¢(x,zl)
= i I { - ) - ('-— [y ied = ~
{ }°1 = HRdix,z o g 1) v Loz N
P ix,z) = L .
<o 1 \ 36(x,2_)
i = - W ES x,z) 4 Lo~ 1 -~ at z = 2z
b AR g i 372 2
2 “oo.
(k.20) !
1
1t is tce e noted that there are o surfuce charges at surfaces |
X = X_ Cor X =8 -X
Q
4.2.2 Yormal Maynetization Charges. The relative permeability '
tensor from Section 2.0 s given by (see Fig. b.3): B

[%e
v ,jul 0
117‘ = - u 0 . (h.21) g
I m 1

If M from above is 'ised, Eqs. b4.17 for by and DS can be written as:

PP W U SRRSO LS. SO, U S, UL SO SO S
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"; and

_ 4y 3% e, | 3% _ Slole
(= 1) S+ KKk v - 0K S - JKG - l)(be " (4.200)

©
il
+

r:i where the upper and lower signs are for charges at x = xo, a -~ xo,
respectively. Upon performing the mathematical operations in the

above and noting that (from Section 2.L.1):
324 2% -
¢ + U(a - K2¢J = 0 .

az? 3%

0, and Pq are finally given by

e (x,2) = YL (x,z) (L.23)
and o
a$(xo,z) _ ,I:
ps1 =- (0 -1)— - K Ko(x_,z) at x = x_
o (x,2) = 3p(a - X »2) .
psz = (y - 1) X + K, Ké(a ~ xo,z)

at x = a - x . (b, 2W)
o

From Eq. 4.24 it can be seen that the surface charges at z = or z,

U

are absent and the only existing surface charges are at x = xo and

YY)

X =a-Xx. It will be seen that this difference in the charge

eI e T VvTTﬁT“T"-"'“",‘* i

arrangement and mathematical form for the two cases will lead to

- different formulations in each case.

TR T et T e T e
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L.4 1Integral Equatiown
As discussed in Section 4.1, the integral equation (Eq. L4.2) ° 4
can be obtained in terms of ¢ 'x,z) iv <riv the points inside the )
*
ferrite slab are considered. Cince ¢ and ¢ are 1itferent for the
two cases of parallel and nerral mapnetization, eacl cuse is ® 1
4
considered separately. )
L. 4.1 Parallel Magnetizaticn rormuistion. Wwhen the approrriate
expression for Py and P from Fgs. 4.19 and 4.20 is used and when ° ]
points (x,z) are considered such that {(x,z), X SxEa- X
)
< < .
z, =z = Zz}’ Eq. 4.2 can be written as:
a-x_ z
o 2 ®
sy = [ I s DR - s D ()]
X 2
o 1
a-x
O -~
«G(x,x',2,2") dx' dz' + ( (K1K¢(x',z ) - (u - l)¢z(x' zl)]
X "o
a-x . -
o .
G ntziz) i [ Rz, - 1 e,)] R
X e
o i.'“.
.

'Gz(x,x',z,zz) ax' . (kL.,29)

Tre integro-differential equation (Eq. 4.25) is two-dimensional in
(x,z) and is difficult to analyze. Thus the ferrite slab is assumed
to be very thin such that %(x,z) may be azsumed to vary linearly in
z. In this approximaticn two functiong of one variable may be used

to approximate ¢(x,z) in the "wllowing manner. If

and

[,
—
<
—
1=

¢(x,22) ,

then by linear approximation the following is obtainei:

o
1
]
R
. L
.
3
. <4
Ki
-
o
. . .. .-.1
o s '.'.J
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6L~
' N £ {x) - £ (x) ;
“ ¢(x,2z) = f‘l(\() + 2 — zl (z - zl) z £, % z, ;
2 1 |
y
or .
]
r N fZ(X)(Z - zl) + fl(X)(z - z) |
- ¢(x,z) = 2, ~ 7, (L.26) 4
: which gives
: . £ (x) - £ (x)
o b les2) = S (4.27)
2 1
and
’ .
i‘ ¢Zz(x,z) x 0 . (4.28) b
E Substitution of Egs. 4.26 through 4.28 in the integral equation (Eq.

L.25) yields

1

X (Zz - 21)
o
£ xr) = £ (x")
® + (g - 1) G (x,x',z,z,) dx'
n (z -z ) 1
. 2 1 a
Lo 4
S 1—-X ' ' o ' ' {
S o [_ £l Nzt =z )+ f (x) (2, - 2") i
o + J |- }\1}\{ - (Z - )
® x 2 1 1
9]
. 1
S € (x') =1 (W]
+ (u - 1)[ . (z - 2) } G?<X’X',Za7‘y) dx' . (k.29) ':
'. . 142 A-vl . . 4
[ ]
. Fvaluating the interral equation given by Eq. 4.20 at z = Zys 7, and
substituting for Green's functions vy and G, from Fa. b1l ¢ives o
7
) e
.
- 4‘




— Ty y— T r——
» ~0H5
i
w ov
r- t v) = 2 ! —_ ) ) [ 1 + ! } (} 30d..y
= - 5 T coon oyro ol . 30¢
1 1t all + § 4 Tttty ‘ ! /
=0 wli 1 1
arnd
N w© <
Ny . o I e , .
o(x = - con — X it ! -~z + 1
I ?( ) L a(l + ) a ¢ YH(D ’2){ v 3 $ >
n=o Y 2 2

@

. w3 .
g f S T (!ﬁ(x‘) - fl(x')ﬂ "
" I‘ = _ o i’(‘]‘\/“(')"”(li‘ f— - - \! o :3_)('
: 8y J v 1 i T.oT Yy ‘1 €
. o
o |
. o [ ( (x') - 1‘1tx'}~—1
- IR r,'(b - l) k' + [ ‘— Kl (") + (4 - W‘}l .
4 I o - 7
. “ L ' ? 1
v
g
!
hd cos St e e - o
"t T A
1=K, '.‘.: olxt M (e -y \ + \’\.v i - .‘"’)
; Cs (- 1 - o |
= L~ ) : i ‘
’ . , JX ., ; :K? - L’.l J
, ] 4
)
iA‘
b
Dv.
‘o r
.._‘- . R -1 ] ' 1 H ' 1
) ‘1 N
hd
] J
'_. ur o 1
o R
- 9
3 -
LS ‘ -
I". ~:‘
}
L 4
. <
L ‘)
. R 4
; h ERI SV AP S0 S ST S SN0 I WA S AT Y W WL Y ST IR Y PRSI ‘!‘_A."-J:.E.-‘ T s ';-. 3 b

where

(L.30D)




f.d

—66-
a-x j
o r,(x") - fl(x')
I = - - Klkfl(x) + (v - 1) cos — x!
52 z, - 2
X 1
o)
a-x 1
o fz(X') - fl(x')
* cosh v'z dx' + - K1Kfz(x) + (0 - 1) ]
n Z -z
X 2 1 ,
o s
* cos — x' cosh v'z_ dx' .
n 2 4
Equations 4.30 are rewritten as follows when the integrations in the
z-direction are carried out:
4
a n n .n ]
£ (x) = cos — X C c 4.31a
L (%) T s (g,,C] +&,,C,) (4.31a) ‘
n=o0 on
and _
d
® r\/ 1
2/a ny n n .n
f (x) = - cos — X C C L.31b }
?( ) E 1 +6 a (821 1 22 z) ’ (4.310) .
n=o on K
T
where 1
=X
n © nu
o= J f (x) coz = x dx ,
1 1
X -
o 4
a-x
n ( © ny
. = f (x) cos — x dx .
< )‘( L]
b
;
. cosh y':1 k
o = = — (¥ F - P ) coch y'c + F_ cosh y's '
11 y' oinh y'o " 1 nol 1 n 2
n 1
- F‘ ainh yéslj s
orn '1'7
! nl ‘ .. .
£ = - (K K + i ool ' orheo oy te
12 ¢t oodinh ot 1 1) BT 1 "nTa .
It Tl
- b, sinh oy'e ],
T T e e RO RN

U S TP P A S




covh y's
.

T = — ‘: }\' o o >
21 Y' ginh y'b 1 1 n 1 1 no2
n n

= 1
cosh yn52

- = {- (K ¥+ ¢ ) cost. y'r_ + P cosh v' u
£s v' sinh Y;b = 1 1 n': 1 n 1 )
n 1

jai)
ja
for}

Multiplication of Eas. L.31 by cos {mr/2)x and interration along the

R ;
irterface from x = x_ to x = (& - ¥ 1 yields
v
o

e nTx
~ ) -~
‘ T« — - — gin—— |, 1m=n
: 1l Iy o1 .
1L = ]J :
. . )
J i y I 1y ' i N 4+ e .
. ‘/ ! 18! . ) " 4 . )
N - T T -+ It “‘(L' -_— 5 N
L " e ) b ) MmN = oeven
. - > [N . * b
Aunt oo G voreor i SNt e ST i : Lo w
L Ty RIS - PR . N . N
o PR | PROOR i, vl
et P R Wl S I A A e P T A Ata e taia e
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- Eqs. 4.32 take the following form in matrix notation:
4 P

b —-1[—- 1._
S 1+ M M .« . M . . . . C
- 11 13 11

M 1+ M . C
31

33

F o < o odd modes
1 v

{

X

> only
i
M. . . . « 1 + M L. . . C
. 11 11
ksd ° ‘
{ - | ) — L_. —

(4.332)

and

22 24 21
L
Puz 1 + qu . C
. . . . even
. . . . = 0 . modes .
. . . . Only
M. . . . . 1+ M. o . ot
12 11
| ) ) - | _
L. L

where I and C are matrices defined by:

i
e
=
gl
e
-
Y,
- o
S
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To obtain a wormrivie ool cs colun o o (Ul's ) the  Infinite
delermirant of the -« 00 lae 0 nevdiy iy Fao, L0333 must be zero.

In the numerical mr~!v:io ) 0. 7 inite determinant ic truncated

to order N. If the “rooutea woosow it iz defined as D {F,K),

P

then the dispersicr relatice v b colvel numerically for rocts is

given by
ity = o . (L.34)
The discussicn cn the yrorer cholce =f I for reasonably accurate

resulte and the numerical datsn are rrecented in the next chapter.

\ . . 1 s s . . . . .
L.L.2 Normal MHasretizetion Formulation. The integral equation

for this case is developed by usirne: the yproper ¢ and p_ given by
r S

[T 4

T rer Py 1 ! 55 b =
Itis, Trom bag. 4.2 it follows that

DU A

i ain, the Uoar-olel grerowivet lon simylifies Fa. 4039 dnto oo
creedimensional It e o il Do tyaetable,
‘ b i I i T cmral oy DT v
L T T O T A A ol e e v gt d
T . ot Chend v : -
FO oo te r ! i P . o = =

P

A

<
<

atala

o
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N < < . AY . - -
{ii and Zo =z =z, (Fig. 4.23). The variation of ¢(x,2) in each layer in ]
. the z-direction is assumed to be linear. In this manner three functions,
. each having one variable, are used to approximate @(x,z) in the slab,
as follows:
A ~
£, = bz ),
& ~
£ (x = X,2
S E ez)
and
é ~
fz(x) = ¢(x,22) .
The linear approximation gives
. £ Gle, - 2) + £ (x(z - 2) < <
$(x,2) = Pa— »2, =2 Sz (L.36a)
o 1
and -
f (x){z, -2z} + £ (x){z - 2
blx,z) = o' ! 2 ! 2( /! O) sz =g %, (4.36p)
? Z - 2 O 2
2 o]
which gives
fc<X> - fl(x) .
~ B} < <
¢Z(x,z) = P vz, = e E oz, (L.37a)
o 1
~ ) = fz(x) B To(m s g L
0, (x,2) = N (k.370)
2 O
and ]
rolz) - oor () + £ (%) ]
9
azz(x,/; = = , (4.38) ]
\
where 4 = 2 - A /2 nvd ot io the slab thickness. In ﬂ&:
s R o e
the intesrsi oprel o 0. ooy, i cooumd and third terms are ]
s e Tre e e oo e o S sy oot = 5 and - \w
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In the thin-sla®b assumptlion, instead of a continuous

distribution of surface charge in z, the charge distribution on both

sides of the slab (xc and a - xr) in each region z, =z z and -
J C o) B
< < : ; . s . . . - 4

z =2z =7 1s assumed to be uniform. 7his uniform charge distribu-

o 2 5 f;

tion assumption connotes that the surface charge in each region

ie equal to the mean of its values at the edges of that region.

From Fgs. L.24 the surface charge can be rewritten as

—_ ~ Ay —_ -~
Oc(xi,z) = % (y - 1)¢x(x:,z; ¥ K]K¢(xi,z) R (h.39a)
}
3 where x, = x or a - x . Eecause of the uniform surface charge
! i o o} -
r
@ distribution in the z-directicn in each layer, it follows that
* (x,) + £ (x,)
o .
{ X, + f X,
(x ) L2 S = z E 2
z = 7 = =
¢ i? 2 “1 o
and
P (x + (X
(%, ,2) 2( l) c< l) z Sz %2
olx, 2, = - “ Z ,
Therefore, ka. 4.39a for p {(x,.,2) now becomes
filx, )+ £1{x) f‘l(xl) + T (x ) < .
-~ {, L “ i = & =
¥ MA—I)( 2 I i K “( 5 ] 2, T ez
f ~
[ 3 57> = ﬁ ) )
“ = Fal B R} 3
‘ “,) + X, ) £ o(x.) + f (x 1
|-, ( 2( 1) o( i } v . i O( i <<
PR -1) = KK = z =z=3
! L e J 1 2 o 2
.
. (Lk.39b) ]
1
ﬂ
. > . . -9
T main reason for wniform charce dictributicn aft R
- .9
(x = ¥ oAand oo~ X ) ie the fast Liad y’h(x,'z.) L R T R TR < B RN
three valuecs of 2, T.e., 2 = Lo, N e Danetion & between
4
thece values ig Urnknown and oo aod b trpee oot 1o erenT 0 T vnalve
4
PR A o . - . - . 4 v‘.:»._- NEARSR " _.: o . -_.,~_.-“.-.‘.
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under these conditions.

yields

mfr,r-_

b calculations of &(x,z) strictly at these three values of z. Thus
continuous charge distribution would not be a plausible assumption
Substituting from Egs. 4.36 through Egs.

iﬁ‘ 4.3% into the integro-differential equation given by Eq. 4.35
!

o ;72 f(x')y - 2f (x') + £ (x*)
R A o
x z

(p - 1)

A
o}

+ fo(x )

= } G(x,xo,z,z') dz!

fla-x)+71 (a-x)
o o o

+ K1K -

)
I

1 Glx,a - XO,Z,Z') az!

may be expressed in terms of on-

f;(a - XO) + fé(a - XO)] K K[f‘l(a - XO) + fo(a - XO)]
1

(L.uo)

In Eqg. 4.40, the z-~interrals can be carried out easily and

or more of the following constants:

as

A e Lla ek e

S, .
PPN | e
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1 . ;
. Ve |
n
. = | sh y'z' dz! b
}‘ LS costYy i
Z-
-
) .'4
‘0 4
BI‘. - ( cost v' Lo— o |) dz! j-‘
3 I v [
“1
1
and .
b
g" = ! cosh y'(b - z') dz’
y J n :
Z J
o
k
Substituting for G from Eq. k.11 and carrying out the z-integrals yields
the following when Eq. 4.40 iz evaluated at z = z | zo and z , respec-
1 2
tively: 9
¢
5-X .
s 2vr n n nm © 1 o
= - —— 3 eh ! osT— ¥ - - o
£y ) L ST w ey By B costgzy com f ( u ] .
n= e} ps 1
o) :
e ol
' _ Y 4 ' w D RLUNI R
£ (x') 2fo(x ) 1(x ) s DTt ap 2 v, cos o ]
. 5 o - : j
d n=o a(l Gon J
: x .
. ] n U - 1 ] 1 t-\ + f‘ v ) _"
cosh Y!z, B“[————JQ [fz(xo) + fo(xo)] + {(x ) o( ] i
n|(p - 1) £ K } :‘
- [ 1 —— '
+ 83( > )+ £k )]+ 5= T (x )+ fo(xo)]“ ;
« 2v cos = (& - xo) (b - 1)
- sh v! 3 - Fet(a
2 YRR cchYzllu[ 5 L) (a Xo) i
n=o on
K.F
1 ) nf(e - 1) “
+f‘é(a-x Vi — f?(n—xq)+ Fm(d—-xo)]] +P3{ 5 [Il(a-—x )
K 1
+f'(a—x)1+—,—~[f‘(1—z ) o4+ ¢ (!»L—X)]}J . (L4.b1a)
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a-x 0o , ,
J o - 1[fz(x ) 2fo(x ) + fl(x ) ' ‘
¢« cOos — X —7 cos —™ X dx
u d
X
o
n
© 2v_ COos 5 xo n (b - 1)
- —— 1] . + 1
Z 1T ) cos x|B, cosh Yz [ 5 [f (xo) fo(x )]
n=o on
K. K
1 n ' L_U__.__l_) '
+ [fz(xo) + fo(xo)]]+ B, cosh yn(b - zo)[ 5 [fl(xo)
K,K o 2vn cos 21 (a - xo)
* fé(xo)] * —ET-[fl(xo) * fo(xo)]] - Z a(l + & )
n=o on
. cos 2L x|B” cosh v'z v -1) [f'(a - x )+ ' (a - x )]
a b n o 2 2 o) o o
KIK n
it — — ! —
+ =3 [fz(a xo) + fo(a Xo)]} + B, cosh Yn(b zo)
KIK

(U = 1_) [f'(& _ XO) + f(')(a - XO)] + — [f (8. - XO) + fo(a - XO)J

2 1 2 1

(L. h1b)
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Y 2v
- -—n . hr tn n n
fz(x) = - Z I+ o8y X cosh Yn(b 42)(B1 + B)) d
n=o0 on |
oo
R
B X r(x') - 28 (x') + £.(x") o 2y -
. J £ 2 - dx’ z L os 2 T
3 x' - SR
X d n=o all + 5on) a © o
o
« cosh v'(b - 2 ) cos =— x 5" lu-1) [f'{x ) + £'(x )] + E~1-E-[f (x ) .
Yn 2 2 o) o Xo 2 2 xo
e 1) ¢ B ) ey )] ¢ 2 (n () (e )] |
e} 2 Xo e} Xo 2 1 X + X
<] 2Vn
- = - ! - nn
Z ST s 5 ) o (a - x ) cosh Yn(b 22) cos X
n=o on
] L D U S YRR R w Py )+ £ ( )]
\ 5 X S X 5 (e~ x, Jla-x .
+ Rn.iﬁ_:_ll [f'(a - x ) + £'( )]+ fif (£ ( Y+ £ ( V] ';53
"1 2 1 Yo 0% T % 2 108 7 X Y S
(b.h1c)
R
Bquations 4,41 describe a set of threce coupled equations in terms of -]

f1’ fo and f . By introducing the following functions, this set can

be reduced to a set of two coupled equations which is more attractive:

H
.
"
-

I
no
“
=
+
ey
>

~

Gv(x) (4.h2a)

and

D

Gs(x) = fz(x) + .’;’i‘o(x) + f1<x) . (4.42b)

s
P

’

.
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Forming these functions gives
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2v
n

n nn
a1 +5 ) cos = x[(B1
o o

n
+ B ) cosh v!
n 2 n

. (b -z) + (B +B]) cosh ylz, - 2B cosh y!(b -z ) - 28 cosh y'z ]
a-x
REES [r (x") 2f (x') + £ (x')] cos I %' dx' + cos — X
. udz 5 X - o X 1 X CcCOS a X o
%o
(“ - 1) E.I_K 1 Ner
< - " [£,(x ) + 2fo(x )+ fl(xo)] - [ (xo) + 2f (xo)
, nr(a - x_)
+ f (xo)]] + cos . o’ {(u : 1) [fz(a _ Xo) . 2fo(a Cx )
KlK
+ fl(a-xo)] + [f;(a - Xo) + Qfé(a - xo) + f{(a - x )]] (4. 43a)
and
- 2Vn nm T n
fz(x) + 2fo(x) + fl(x) = - n?__o W cos ;— X[(Bl + Bz)

. '(b -2
cosh Yn(

+ EBT cosh Yézo] J (£ (x') - Efo(x') + fi(x')]

nm nmu (y - 1)
. cos ;f-x' dx' + cos - xo[— -——Tr——~>[f2(xo) + 2fo(xo) + fl(xo)]

K K
- elx )+ erilx )+ f;(xo)]] + cos

+ 2fé(a - xo) + f;(a - xo)]] . (4.43D)

;o
g

o

PPN Adsd s o

PO S P

i

P

‘»{r'-" Lt
WA I

’

o - .
o %y laltad



By defining the following constants, Fas. 4.43 simplifies preatly:

n n
U = v I(B +B ) coshy'(b -z )+(& + B cosh y'z
n 1 n 2 3 4 nl
P ot Y . a
+ 2B ca:l Yv‘(b - ,«) + 25, cosh Ygzo] s
n v n n
who= v [(ET 48 cosh y' (b =z )+ (B + B ) coch v'z
} n 1 2 n 2 3 n1
% - 28 cosh y'(b - z ) - 28" cosh y'z ]
1 n o n
&
3 and
A
\ a-x

cus — ¥ Ax

Thus Eqs. 4.43 can be concisely stated as

G {(x) = - z —‘E—B—TCOS};—N“X-WDQH {(L.uka)

v
o] on

{. and

o cos DU (4.LL4p)

a(l + & )
C on

'
<
—
b
-
1]

I ~1 8

4
: The term ( in Eas. .44 involves the first-order derivative of .
K G (x). The function G_(x) lobtaired rrom fl(x), £ {x) und f'z(x\] 2
S O QO Y
. . < <
is defined to be nonzerc in the ferrite slab (x = x =a - x ) and ]
[ V] -
zero everywhere outside, Which means that [t ic discontinuous at x = % e
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and x = a - xO and thus its derivatives in the x-direction at the slab
edres (xo ora - xo) are undefined. This problem creates difficulty in
the evaluation of Qn. To overcome this problem of discontinuity, the

’, function Gs(x) is defined only in the range X Sxfa- x_ - In this .
manner the function C_(x) becomes differentiable at x = x ora-x
S (o]

and its approximate finite series expansion can be written as follows:

N N
Q Ln e L
~ - + ——————e - 1 ———— -
(ls(x) po z Py €98 3 C 2% (x xo) * _2_ 9 sin a - 2x (x Xo)
£ =1 o %=1 o)
< <
X, =X Sa-x o, (L.bsa)

where pQ's and ql‘s are arbitrary constants. Upon differentiation,

N N
ao (x) o o
s L1 L L1
— = - § sin (x-x )+ ) q T—5— :
L - - o] L a - 2x
dx g =1 a 2)(0 a 2xo = o .
DU ) $x s (4. 15b)
Co°a-2x X - X xo—x—a—xo, .45
2 where NO is a very large intefer number. Therefore, when the series
n
E expansions for Gs(x) and [dGS(x)/dx] are used, the expression for Q
P. -
J. ' becomes
: a.—xO NO
- - - -
- e lL—El J G (x]) coo D0y ix - cos Loy (B2 P+ z P
L ud “ ol L o 2
% =1
- - o
L .
E. KKl Nﬁ g ﬂ{ ! r 1 g 2
. +— ) AI+CO‘_)~(L__.V)‘}‘__l:_v\+E(_l)p
o _.l u - I “ ) ’ L E [' O _1 Q
= | {=
o
Feo o 5 an N
1 o 4 ¥,
e R i B
¥y = O
To cbtain the dicpercicor relatiog, the following procedure is

‘

undertaren:  Mult iy Tication 0 bas, doehy cor {ma/a)x and
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sin (mn/al)x and integration in x from x = x to a - x yields the
&}

following linearly independent equaticn

28

Cm . 2 N ann = g , ()4 _h’?a)

n=ao

and

where

a-X
o

o= cos — %0 (x) ax ,
a .

a-x
o
m . mn L () dx
S_ = sin — x-&i\‘“) 5
S X o
0
a~%
C
2 mn nm A

a = —0 ¢cos — X cogs — X dx

mn a(l + & ) a a

(@]
a-x
O
2 .oomm nw
B = T Ry ¢in — x cos — x dx
mn all + 6 ) A a
on b
s) g
4
—_ - n
n = O,l,u,...,uo .
and 4
O IO S

n . . . . s :
The term O from Bq. W46 is exprecocd in terms of constant coeftfi- W

clente p, and a , bt ag soen Uror tle e Thiearly inderendent 1
; .

J
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equations (Egs. L.47), it is best to describe Q" in terms of C$, C:

and Sm.
s

To find p,'s and ql's in terms Cz und ST, Eg. 4.bSa for 6 (x)

9 )

is multiplied by cos (mn/a)x and sin (mn/a)x, respectively. The

resulting equations are then integrated from x = X to x =a - x .
o]

Thus the following two equations are obtained:

m m m m m m
= c + + (CC
Cq (cC )opo (CC)1 (C )zp2 + + (SC)lq1 + (sc)2q2 "
(4.48a)
and
m m m n m m
&4 = ]
g, (CS,OpO + (cs)p, + (C8),p, + ... + (88),q, + (8S),q, + ... ,
(L.48b)
where
a-x
m _ nm m_—n
(CC)n = J oS = (x - XO) cos = x dx
b o
9]
d.—)(o
g m = nn - : mn
(Cu)n J cos = (x xo) sin = x dx ,
X Q
o
a-x_
amnmo . nmn _ . mm
(DC)n = J sin ——5— (x xo) cos = x dx
X )
)
a-x
mos Lo DMy e B
(SS)n = J sin ———- (x An) sin = % dx
X o
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Writing Eqs. L.48 in matrix format yviclds

gl
S ©1

- !

. .

o |

o
s J LNANO

where (H] ig the coefrlicient matrix given by
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Premultiplying Eq. 4.49 by [H]™' and observing [H][H]™® =1
yields
Py Cs
1
P Cs
-1 No
= H C . .
R (17 e, (4.50)
1
q, S
No
%o S
L . L —
a . < . m m . n
Substitution of pz's and qg's in terms of Cs's and Ss's in Q
of Egs. L.47 will produce a system of linear equations in C?, C: and

S:. To obtain & nontrivial solution for this system of linear equa-
tions requires that the large determinant (NO X NO) of the coeffi-
ciert matrix be set to zero.

In practice the actual size of the matrix needed to obtain
a reasonably accurate answer is smaller than (NO X No) and it depends
on the particular mode under consideration, In Chapter V Egs. L4t
are discussed in detail for the first-order mode (m = 1) and a
computer program based on a truncated matrix is written to provide

numerical insifht into the yroblem.
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CHAPTER V. COMPUTER SIMULATION AND RESULTS

}i{ 5.1 Introduction
m The mathematical formulations presented in Chapters III and
IV were programmed on a computer and the effect of different param- .

eters, such as slab position, width and thickness, on the dispersion

characteristics and group time delay was investigated. Most of the

numerical results were obtained for a fixed dc field value of
HdC = 1800 Oe and a YIG saturation magnetization of Mo = 1750 Oe.
The tunable properties for various magnetic dc fields were also
investigated and the results were presented.

As seen earlier, calculation of the dispersion relation for
the purpose of root finding involves evaluation of large matrices.
In Section 5.2 algorithms to find the determinant and inverse of a
matrix are presented. This procedure was programmed for use in all
of the determinant calculations.

Root finding of the dispersion relation is done by the
Newton-Raphson method which is described in Section 5.3. A flow
chart is also provided for use in programming. With the aid of
this algorithm, determinant roots of the dispersion relation are
found through several iterations.

In Section 5.4, the dispersion plots corresponding to the
mode analysis for both parallel and normal magnetization are
presented and several of its ramifications and consequences are

described.

-8l
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Results for the integral equation method are presented in

Section 5.5. The dispersion plots and group time delay are pre-

sented and discussed for both parallel and normal magnetizations.

Yy
T
[

For the normal magnetization case the analysis for the first- and

zeroth-order modes and its programming are presented in detail.

5.2 Determinant Algorithm

i: As seen in Chapters III and IV, most of the dispersion relation
: equations are based on the calculation and evaluation of the deter-
minant of the coefficient matrix. Therefore, before the roots

of the dispersion relation can be found, a computational method to
calculate the determinant must be developed. The following step-

by-step algorithm was used to compute the determinant and/or the

inverse of a matrix.%® In this algorithm, A is the input matrix of
size n x n, D is the determinant and B is the inverted matrix. To
conserve storage, all stages of A are stored in the same array.
The same applies to B. The steps involved are:

1. Step 1. Input and Initialization. Read e€,n (number
of rows or columns of A) and a,,; construct the identity matrix

id

b,,; set stage counter K = 1; set D = 1.0. € is used for testins

iJ

the matrix singularity and usually is a small number.
2. Step 2. TFind pivot element (maximum magnitude element

in column K on or below main diagonal); compare IaKKI‘ IaK+l’KI""’

to find the largest, say [a. . Interchange row imax of

imax,K

|
A with row K of A (same for B). If imax # K, D = - D. FElerent ,aKKI

is now the largest of the  set {[aKKl, ’BK+l!""’ la_.|}.

nk

.
A
-

T Va

. NN
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3. Step 3. Test for near-zero maximum element (singular or

near-singular matrix). If laKKI S ¢ go to error exit. If laKKl > €

continue to Step L.

b, Step 4. Perform stage K of reduction process: .

a. Row K = (Row K/aKK) and D = a, «D. If div = &,

then By = aKJ/dlv and bKj = bKJ/dlv (3 =1, n).
b. Row i = Row i - a,, Row K. If mult =a, , then
iK iK
aij = aij - mult-aKj and biJ = bij - mult-bKJ.

5. Step 5. Test stage counter K. If K < n, set K=K + 1
and return to Step 2. If K 2 n continue to Step 6.

6. Step 6. Write output B = A™! and D = |A[.

5.3 Newton-Raphson Method

The equation to be solved numerically is the dispersion rela-
tion, & function of frequency (f) and wave number (K), which can be

written as

D(f,K) = 0 , (5.1)

where D(f,K) represents the determinant of the coefficient matrix
involved in the system of linear equations. Equation 5.1, in
general, is a nonlinear function of f and K and can be quite compli-
cated if the size of the matrix is large.

With the aid of the Newton-Raphson method,69 Eq. 5.1 is

solved numerically for roots K (at a known frequency fl). The follow-
ing alporithm details the exact steps used in programming Eg. 5.1 ifff
in order to find its roots: "

1. Step 1. Input and Definition. Read f1 = the frequency of

operation, K1 the initial approximation of the root of D(fl,K) = 0,

N e T e e e e e T e e et e e e T e e e e e e e e T e e e e e T e S T e e
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¢ = the convergence term and N = the maximum number of iterations.
2. Step 2. Initialization. Set iteration counter i =1, Set
the correction term Al = C1 (C1 is an arbitrary large positive number).
3. Step 3. Compute successive approximation of root using the

Newton-Raphson iterative formula:

. R D(fl’Ki)
i+1 i 7 D'(f K.)
1 1

Compute the magnitude of the correction term in the current iteration

» Ai+1 lKi+1

il

1 4. Step 4. Test for convergence or failure to converge.

[T

<
a. Ifa, . =cand lD(f1’Ki+1)l = g, g0 to Step 5. If not
continue.
b. If Ai+1 > Ai’ select new K, and return to Step 2. If
A, £ A, continue.
i+ i

c. Ifi SN, seti=4i+1 and return to Step 3. If i > N,

select new Kl and return to Step 2,

5. Step 5. Output root Ko; set Ko = Ki+1' Write Ko. Steps

+' 1 to 5 are summarized in the flow chart shown in Fig. 5.1.

5.4 Mode Analysis Computer Simulation

In Chapter III magnetostatic-wave propagation in a waveguide f;;}
partially filled with a YIG siab was analyzed. The YIG slab was in - 4
contact with the sidewalls of the waveguide. The dispersion relations
for the two principal directions of magnetization were formulated.

For parallel magnetization, an exact equation for the disper- -

sion relation was derived for a YIG slab of arbitrary thickness.
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For normal magnetization, there is no exact solution possible.

However, the dispersion relation in this case is obtained in terms

2 "0,
.

of an infinite determinant that should be truncated properly. The SR

.

order of truncation depends primarily on the particular mode (m)
under consideration. Numerical root findings of either the exact
equation or the truncated determinant on a computer are facilitated
with the use of the Newton-Raphson iterative algorithm given in
Section 5.3. The corresponding numerical data for the w-k diagram
and group time delay vs. frequency for parallel and normal magneti-
zation directions are presented and discussed in the following
sections.

5.4.1 Parallel Magnetization. From Eq. 3.17, several effects vff:f

in terms of different device dimensions may be studied. The wave-~ “lj;

guide dimensions are assumed to be 2.0 x 1.0 cm and the slab thick-
ness is 0.1 cm. The dispersion characteristics are plotted in Fig.

5.2. In this figure, as the YIG slab is lowered from the top to the

bottom of the waveguide, the dispersion characteristics are restricted

t¢ lower propagation bandwidths. The middle positions of the slab

in the upper half of the guide in some frequency ranges evhibit nega-
tive slope corresponding to negative group velocity which means
ernergy propagates in the opposite direction to wave propagation. The
corresponding group time delay inns/cm defined by the relation
- Ty = (3w/3K)~! is shown in Fig. 5.3. Trom this figure, it can be 3
:% seen that as the slab separation from the bottem surface is reduced,

the time delay increases while the bandwidth decreuses. 1t should

- be noted that these figures are drawn for the first mode and only

for the forward propagating wave.
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Figures 5.4 and 5.5 show the effect of slab thickness on the
dispersion characteristics and group time delay per unit length.
As the slab thickness is reduced the wave propagate in a smaller f;
bandwidth but with a larger group delay (first mode).

Figure .6 shows the first- and second-order modes for
different slab positions. As can.be seen, higher-order modes have

cut-off points on the K-axis and as the mode number increases, the

cut-off point also increases. Modes higher than the second are not
iown in this figure.
Tunable properties are also investigated by varying the magnetic
bias field. Figure 5.7 shows the effect of magnetic bias field on the
dispersion curves. As can be seen, the dispersion curves move up or

down the w-k plane by varying Hdc' Figure 5.8 shows the corresponding
effect of bias field on the time-delay characteristics.

5.4.2 Normal Magnetization. The zeroth order mode is already

discussed in Section 3.5. To obtain a nontrivial solution for higher

order modes from the system of linear equations given by Eq. 3.22,
the determinant of the coefficient matrix which is infinite in size
must be set to zero. However, for practical purposes, the matrix was
properly truncated for best accuracy. The truncation cut-off point of : :3
the matrix depends on the mode of propagation. For example, for the jlf}
first- and second-order modes, matrices of ordersupto 12 x 12 were ‘

studied and minimum matrix size was found to be 4 x 4 and 6 x 6, respec-

tively. For higher-order modes, larger matrices must be considered.
A computer program was written, using the determinant algorithm "3

presented in Section 5.2, to find the determinant of the truncated KRR

coefficient matrix. Roots of this equation are found by using the .ﬂj”
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Newton-Raphson method as described in Section 5.3. Through

numerical analysis it is found that the magnetostatic-wave
propagation is symmetrical in the guide cross section with respect

to the slab position. This observation was made possible by
noticing that the dispersion curves for slabs positioned in the upper
half of the guide are the same as for slabs positioned

symmetrically in the lower half of the guide. Unlike the parallel
magnetization case, the wave propagation is reciprocal for K and -K.

Figure 5.9 shows the effect of lowering the slab position.

The propagation bandwidth is reduced as can be seen from this figure.
Besides the zeroth-order mode, two higher-order modes are also

shown. These higher-order modes exist due to the finite width of
the slab. It is noted that there is & frequency cut off for
higher-order modes which increases as the mode number increases.

In Fig. 5.10, the group time delays for different modes are
plotted when the slab is placed against the top or bottom of the
guide. This figure shows the increase in time delay as the mode
number increases. Higher-order modes have higher frequency cut-
off points.

Figure 5.11 shows the effect of the slab position on the
group time delay per unit length. The slab is placed in two
positions, at the center of the guide and at the bottom or top of the
guide. The time delay increases as the slab is moved toward the
center of the guide.

Figure 5.12 shows the effect of normal magnetic field for
several bias field values. This effect on the time-delay charac-

teristics is shown in Fig. 5.13.
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5.5 Integral Equation Computer Simulation

In Chapter IV the integral equation method using Green's
function was applied to the problem of magnetostatic-wave propaga-
tion in a YIG slab of finite width in a waveguide. The dispersion S
relations for two principal directions of magnetization were derived.
These dispersicn relations are in terms of infinitely large deter- o
. minants as given by Eqs. 4.33 and L4.47.

To be able to solve these determinant equations on the computer,’ .
they must be properly truncated at some cut-off point. This trun- ]
cation problem was studied on the computer by the method of trial
and error. As a result, the trend of choosing the proper matrix

size was obtained. Thus, it is found that the order of truncation

i depends on the particular mode under consideration (m) and the size
of the air gap existing on either side of the YIG slab (xo).
Several theoretical results showing this correlation are presented.

. Since parallel and normal magnetization each involve separate

formulations, each case is discussed and programmed separately and
the results are presented. B

5.5.1 Parallel Magnetization Results. To obtain a nontrivial

unique solution for Cn's in Eq. 4.33, the infinite determinant of R
the coefficient matrix is set to zero in theory. However in practice,
the size of the matrix is reduced by finding a proper cut-off point

(N). When the determinant of the cut off (N x N) matrix is DN(f,K),

5 the equation to be solved can be written as DN(f,K) = 0. s
With the aid of a computer program, results were obtained for B
-
]

. a YIG slab against the upper surface of the waveguide with no wall

gap (i.e., X, = 0.0). The results are presented in Table 5.1 for e
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Table 5.1

Comparison of Results

N =28 Relative Error
Frequency Exaizm§?§t App;?xififf)Root [(Ké - KO)/KO] x 100
£ (GHz) 0 0 (Percent)
T.5 - 1.1ks - 1.1k47 0.1-
7.9 - 2.050 - 2.053 0.15
8.9 - 5.379 - 5.382 0.05
9.5 - 9.748 - 9.760 0.12
9.9 ~ 22.8L43 - 23.011 0.73

b

]///[/////{75/7/[/]///

____,.Hdc
¢]
0
g=2cm
b=1{0cm
t=0.tcm

Hyc= 1800 Oe

=

................
.

- Loe S .
ittt nhe 2 8
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N = 8 and are compared with the exact results from the earlier mode
analysis. For all practical purposes, it can be seen from Table 5.1
that the percent error in all cases is less than one percent and
therefore the integral equation does offer a very reliable and
accurate method to calculate dispersion curves, as far as thin films
are concerned.

The effect of increasing the cut-off point (N) (from 2 to 40)
on the dispersion curves is shown in Fig. 5.14. From this figure it
can be seen that for smaller wall gaps, a smaller matrix size is
needed to produce an accurate result.

Figure 5.15 shows the relationship of the normalized wall gap
(2xo/a) and the cut-off point (N). Roughly, there is an exponential
increase in matrix size as the normalized wall gap (2xo/a) increases.
This indicates that for narrower slabs more terms are needed to yield
an accurate dispersion relation which can be verified mathematically.

The combined effect of the position and width of the YIG slab
is shown in Fig. 5.16. The time delay is plctted in Fig. 5.17. 1t
can be seen that as the slab width aecreases the delay time increases
and the dispersion curves bandwidth shifts downward, while as the
slab position is lowered, the delay time increases and the dicpersion
curves are compressed with smaller bandwidths. This means that,
roughly speaking, the position of the slab controls the bandwidth and
its width controls the center frequency of the device. Figure 5.18
shows the effect of increasing the ncrmalized air gap (2xo/a) on the
dispersion relation. It is ncted that the dispersion curves shift
downward as the air gap increarec, Figure .19 plets the wave number

vs. the normalized air rap and tle frequency ic used as a parameter.
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p
b . - v . . .
Frem this fiyure it car be ceen that an increase in frequency leads
4 tc a hipter wave numter (i.e., smaller wavelength) at a particular .
- X - This filgpure alcc shows thmt at a certain frequency, wavelength -
p - does not chanpe much ac the «ir par (x ) is incereacsed. This fact can RN
b - : - N
'l be used in transducer deciyn frr excitation o! a certain wavelength o
at a particular frenqueney.
5.5.2 UlNormal Mametization Rerults. In Section L.L.2 the
bacic formulaticn for masnetostatic-wave propagaticn for a normal . )
bias field was derived and was given by Eaqs. L.L7. In this section
only the zercth- and first-orier modes are considered. Equations
. : . . . {
4.L7 are used to derive the dispersion relations in terms of the
N
determinant of & (5 x ) matrix. “The details of this derivation are N
..1
given next for more clarity. ‘
RN
. : - _ ——cay
For the first- and zercth-order mode {m = 0, 1 and n = 0, 1) )
N
Eqs. “.L7 become -l
R
SN
,0 LG 0 . NS
C+a QW +a Jwl = o y (5.2a) .
v ol o1 -
" 2]
1 0, ,0 R
Cl+oa W +a Wl = o | (5.2b)
v 10 -
o) 0, ,0 S
¢ 4 a oW o+ a LU o= o, (5.2¢)
s 00 01
0,0 1l
Co+a U +a U = 0 (5.2d
s 10" 1" ) Sy
and T
. 0.0 1
g v p %+ Wit o= 0, (5.2¢)
3 10 11 -
where
O 1 - ne - .
G = 4 <o, (5.3a) .
U2 \
d -
) . T R R NN AR
- R £\ 2 L P ) PRI, W R WA A R WL R TP L L YRV W




1 p-1 a1 po- 1 KK v
= C - -— el 1
[ < pd? cos xo[ 4 (po * pl) L(a - 2x ) ql] 5
h‘ .1
E . 1 szln 4
. + - - — — ————
' cos (a xo){E_E—_ (po + pl) e 2xo) ql] , (5.3b) |
@, = 1 - 2xo/a s B
1
21 . ..o
o = =|sin— (a - x_) - sin — x s
o1 m a
;
a
. .o
OL1o 2 ’
2x X X
a11 = 1 - —;—-+ S sin En[l - ——} - sin 2n — s r*}
X X 4'V]
8 = =|cos — - COS ﬂ(l - ——i
1o a
and -
1 Xo Xo ’ !
811 = Sy|cos 2 a2 - cos 2ﬂ[l - E—J . iﬁ

As pointed out in Section L.4.2, the term Q" as given by Eq.
L4l is in terms of P, and q - To be able to solve Egs. 5.2 for the
dispersion relation, QO and Ql must be expressed in terms of more

. O .
familiar constants Cs’ C; and Sl. From Section 4.L.2, for m =0, 1

N .
o ot
S GP TUE T S T ST

and n = 0, 1 it follows that

"3
PO CO -:
S .
py | = [Tt (5.4) ]
1 :
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where

A A ko aalae

(CC)f (sc

Yoo
s-a

L (1] = (CC); (CC)§ (sc)? , (5.5)

()1 (cs)!  (ss)} -

a-x
1 _ m _ e ..r _ Casn X
(CC)O = f cos — x dx = Z|sin (a xo) sin = X s
X5
a-x
ey n _ “_de_—_
(cc)y = fx cos = gxo (x xc) cos =

a-
XO -
1 . f T n
(cs). = sin — x dx = =jcos — (a - x_ ) - ¢cos — X R
T L_. a a of
x ~
O -]
1
i =
- =
b 3
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(cs)} =

1
> mX

o) b Ll
cos |- + + —|x
i a—2xo a - 2x a

1
3 TX
- cos

|
+

© |2
o)

a - 2x (x - xo) dx = T >

o
i

a8 -

cOs

=
=
o
o
|
n
]
o
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vields
Y u -1 1 o} 1 1
= + + + (5.
Q L C, DOCS chs Dzss s (5.7)
where
L2
KK, m \ -
u-1),., 1 n A
= - + ' - ' s — .
DO [ m (h11 h} ) Tla < zxo) h31J cos = x_ R
2
KK, 7 . y
u-1,., ' 1 ' m S
+ - - ——— - - o
( L (hll h21) Lia - 2xo) h31 €S 3 (a xo) ? S
S
4
’_..'.--'. -.:_‘-.‘h“’(.v'..-.."_. '..--- “...-..‘ .'-.. LI .“‘.". RS ._~‘.. L et e e et e L e e R s A _‘ ~-1
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a-x )
o . _
(ss): = J sin ——— (x - x )} sin— x dx = D
X .
o) -
o
.~_4
1 1 o
L X 1

2 sin |- "o i I + 2 -

W m a - 2x a - 2x a X i s

—_— - = o o + =

a - 2x a a - 2x a

o o
a-X
X o
» sin |- 9 + u + Lx
a ~ 2x a - 2x a ‘
o X

To express p2 and q, in terms of Cz and SZ, the inverse of matrix [H],
i.e., [H]™' must be known. Matrix inversion is done with the aid of
a computer, so the results of this inversion are used in the follow-
ing equations. To proceed with the analysis, assume [H]-‘1 is known

and let

h! h! h!

112 12 13
=1 _ ' [ '
[ H ] hy,o heoho | (5.6)
h! h! h!
31 3z 33

Substituting Eq. 5.6 into Eq. 5.3 for Q' and managing the terms
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K2K
D = _LL:__l_l(hv + 1 ) _____1___h| coslx
N 12 22 h(a - 2xo) 32 a o

. ’ . . o
N
Atintd oo

1 KZKln .
-1 ] _ ' e — ' N _
+ ( N (hlz hzz) h{a - 2xo) haz] cos 3 (a xo)
and
(b - 1) KzKln
D = |- "= (' +h' ) o —2——n' | cos T x
2 N 13 23 h(a - 2xo) 33 a o
1 KK .
+ [ L (h13 - hzs) T 4(a - 2x0) h;a} cos o (a - xo)

Thus with the help of Eqs. 5.3% and 5.7 for Q° and Q', Egs. 5.2 in

matrix notation become

[
a
—1

(o]
v
Cl
v
(M(£,K)] c‘s’ =0 , (5.8)
1
CS
Sl
|75
where
-
1470 W° Fa 'l pe w pa w  DpDa W
00 01l O 01 1 01 2 01
Fo w° 1+4F¢ W} po W Do W' Do w oy
10 11 o 11 111 2711 Sl
(M(f,K)] = Fa 1° rFa U 1+Dpa U' Da U' Do Ul B
]
[e]e] 01 O 01 1 01 2 01
)
ra U° Fa Ul Da U' 14Da U* Do yu! ]
10 11 O 11 1 11 2 11 1
¥ u° ¥ Uu* pe u* b8 u' 1+p B8 U 1
L 10 11 o 11 1 11 2 11
and o
b1 o
F o= == (5.9) - d
F o
u ]
Rk
-T“‘
1
R
e e e, 5
- NACPCBEICHCENBCINACEGG: NN R RSN SR NSRRI,




) -119-

Requiring a nontrivial unique solution yields the dispersion relation.
i Trhis dispersion relation is obtained by setting the determinant of
IM(f,K)] to zero.

For the special case of the zeroth-order mode, the dispersion

l relation is given by (m = C, n = 0):
1+Fao W = 0 (5.10)
00 - : >
of To find the dispersion relation for the first-order mode, the

following equation must be solved:

(5.11)

i}
(@]

M ,K) |

Separate computer progrars were written for each mode to calculate
the roots of Egs. 5.10 and 5.11.

Figure 5.20 shows the effect of slab position in the waveguide
on the dispersion characteristics. From this fipure it can be seen

that the effect of slab position on the dispersion curve becomes

ii rroncunced at the higher frequencies in the prevpagation band.
Althourh the characteristics all cornverge at the lower end of the
proparation band, their slopes are differernt. This leads to
different group time delays as can be seen in Fig. .21, This figure
shows the group time delay corresponding to Fig. .20, As noted in
Fig. 5.21, &s the slab is placed toward the center of the fuide, the
group time delay increases while the propagaticn bandwidth decreascs.

1

Width effects on the device nerformance was 2150 studied and Lhe

results are shown in Firpe, 5.22 and 5.23., In Firs, 907, it can be

seen that as the ncormalized air garp increases the vroprration band-

width decreases and the curves {latten out as they chift tcoward
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higher frequencies. Figure 5.23 shows the corresponding group time

delay vs. frequency. From this figure it can be seen that as the

slab width decreases (or the air gap increases) the group time delay

increases toward higher values with smaller bandwidths as noted :

earlier. The group time delay at smaller slab widths remains

constant in a larger bandwidth and also has a higher value. This

property can be used effectively in device design to obtain a con-

stant, high group delay per unit length in a desired frequency

band. Figure 5.24 plots wave number K vs. the normalized air gap

(2xo/a). In this figure, the information of Fig. 5.22 is rearranged

in a different fashion. It can be seen that the wave propagation

at small slab widths (or large air gap) is possible only at higher

frequencies with smaller wavelengths (or higher K). Once the slab -

width is chosen, Fig. 5.24 shows the frequency at which the device

must be operated to obtain a certain wavelength, and vice versa.
Thickness effects are shown in Fig. 5.25. This figure shows ——

that as the normalized thickness (t/b) increases the dispersion

characteristics shift upward toward higher frequencies with lower

propagation bandwidths. The corresponding group time delay per unit

length is shown in Fig. 5.26. 1In this figure it is noted that as the

normalized slab thickness increases from zero, the group time delay

decreases and achieves its minimum value at t/b = 0.5 (i.e., when

50 percent of the guide is filled with YIG). From this point on, as

the slab thickness increases, the time delay increases rapidly to

high values. Although the time delay value is very high for

0.5 < t/b <1, the available tandwidth for which the time delay is e

a constant value is very small and limited. On the other hand, in
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the region 0 < t/b < 0.1, the time delay approaches high values and

remains constant over a large frequency range. This shows the great

potential of thin films to provide constant and high values of group

time delay in delay line applications with a fairly large bandwidth. '
Figure 5.27 plots the initial constant group time delay vs.

the normalized slab thickness. In this figure, the minimum occurs

at t/b = 0.5 and the curve is unsymmetrical about this minimum value.
From these observations, it can be concluded that to obtain

high values of group time delay over a large bandwidth, very thin

slabs are required. To increase the time delay even more, it is - ;

best to choose a narrow width slab and place it in the center of the

weveguide. It should be mentioned that for more accuracy, Figs.

5.25, 5.26 and 5.27 are based on the composition of results obtained ‘“;

from mode analysis (Eq. 3.22) for large thicknesses and integral

equation formulations (Eqs. 4.47) for small thicknesses.
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CHAPTER VI. CONCLUSIONS

6.1 Summary and Conclusions

II: The objective of this study was to gain a better understanding
of magnetostatic-wave propagation in YIG-loaded rectangular wave-
guides. Both theoretical and numerical investigations were carried
out to achieve this objective.

In Chapter II, the general problem of wave propagation in

an unbounded ferrite medium was formulated and magnetostatic waves

P which propagate only in a limited range of wavelengths were identi-
fied. Next, magnetostatic-wave propagation in bounded media was
studied and several important structures were analyzed. The boundary

a conditions that these waves should satisfy at the metal boundaries

or on the slab surfaces were also introduced.

In Chapter II1, magnetostatic-wave propagation in a YIG slab

placed symmetrically inside a wavegulde was studied. The slab had

the same width as the guide and therefore a mode analysis was very

useful in formulating the dispersion relations for parallel and ;‘;
- normal magnetization. It was also shown that the obtained dispersion 1
N
:i} relations reduced to the published results for the degenerate cases "
éi* when one or more of the metallic boundaries of the guide were
®

driven to infinity. C ]

In Chapter IV, a modified configuration was studied. In this s

configuration there was an equal air gap on both sides between the

AN slab and the sidewall of the guide. The integral equation method "]

- was effectively employed to obtain the dispersion relations for two ?ff
.. -
»
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cases of normal and parallel magnetization. The obtained dispersion
relations involved infinite determinants which were properly trun-
cated for numerical study.

In Chapter V, an extensive nurerical analysis was carried out.
Since most of the obtained dispersion relations were in terms of
infinite determinants, the proner truncation of these determinants was
studied and the results of this truncation were shown. With the help
of the Newton-Raphson method the roots of the truncated determinant
vere found and plotted to obtain dispersion and group time-delay
characteristics for both normal and parallel magnetization cases.

In conclusion, the analysis and numerical simulation carried
out in this work were revealing of the magnetostatic-wave behavior
in a ferrite-loaded waveguide. The width, thickness, and position
of the slab were shown to be a determining factor in the device
performance. The following conclusions can be stated briefly:

1. For parallel magnetization, to obtain high time-delay values,
the YIG slab must be thin, narrow and placed at the bottom of the
guide. On the other hand, to maximize the device bandwidth, a
thick, narrow YIG slab positioned at the top of the guide is
preferred.

2. For normal magnetization, to achieve high values cof time
delay, again a thin, narrow slab must be used. This time it should
be nvlaced in the center of *the puide. o¢n the other hand, high
bandwidths can be obtained by using wide, thin slabs placed at the
top or bottom of the guide.

It is noted that there existis n trade <ff between the time

delay and the device bandwidth, ana waxivicet 2 0 cne pronerty
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leads to & poor value in the other. Thus some design compromises
should be made.
In general, based on the presented analysis in the previous

chapters and certain design specifications, an optimum device geometry

can be designed to provide the best device performance over a desired

frequency range.

ki

6.2 Suggestions for Further Study

The formulation developed in this investigation for two
principal directions of magnetizaticn provides good simulation
results and insight into the device performance. However, there are
several additional topics that would help to reaslize the full poten-
tial of magnetostatic-wave devices and thus need further study.
i They are: '
1. A study of magnetostatic-wave propagation in a waveguide in
the presence of (a) a magnetic bias field in the transverse plane at
i' an angle 6_ to the slab plane and (b) an axial magnetization. o
2. An analysis and proper modeling of the propagation losses.
3. An analysis of magnetostatic-wave propagation in a thick

YIG slab in a waveguide (xo #0).

4. The design and fabrication of the devices and experimental
studies of the magnetostatic-wave propagation properties and
comparison with the theoretical results. 1

5. A study of the higher-order modes for signal processing

applications.
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APPENDIX A. SAMFLE COMPUTER PROGRAMS h

The following sample programs in FORTRAN are written to
solve for roots (K) of the function G{K,JMODE,U,K1) by using the
Newton-Raphson method. The function G(K,JMODE,U,K1) represents
the determinant of the truncated coefficient matrix. These programs
are based on the determinant calculation procedure and the Newton-
Raphson iterative method as described in Chapter V. The most

important symbols used in this program sre defined as follows:

A Waveguide width in c¢m.
B Waveguide height in cm.
D One half of the slab thickness in cm.
FRQ Operating frequency in GHz. .
HI Internal dc magnetic field in Qe.
JMODE The specific mode under consideration.
K Wave number in cm™!. §
K1l Cff-diasgonal term of the permeability tensor.
LN Size of the truncated matrix.
MS Magnetization saturaticn in e,
XKX The initial value o' K tc start the itereat on.
X0 Gap length in crm.
§f Diagonal term of the permeability tersor.
20 Positior, of the ¢lab iu the waveguide in on.
The first samile prorram fnas the roots of the dicpergsion
relation as given by the coeflficient matrix of Fa. L, 4, where Hdc
-
is in the x-directiorn. Thils procram conuiste of Lhe following partco: ;
]
<
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1. Main program--finds the roots of function G by using the

Newton-Raphson method.

2. TFunction G(K,JMODE,U,K1)--constructs and loads the truncated

matrix. This function subprogram takes as its input the wave number .

(K), the specific mode under study (JMODE), and the operating frequency
(U,K1) and returns the determinant of the truncated matrix in G by
calling function XDET(A,N).

3. TFunction XDET(A,N)--computes the determinant of the N by N

truncated matrix A and returns the value of the determinant in XDET.

CovevevornensnnensseesPROGRAM Fl. .0 iiiieinrooronnnsnnnnnnse
C.v.....PROGRAM TO CALCULATE ROOTS WHEN X0 IS NOT ZERO AND
C.......Hdc IS PARALLEL TO THE SLAB PLANE, i.e., Hdc=H0.X
C.......THIS PROGRAM CALCULATES ROOTS OF THE ODD MODES ONLY.
C
[of (31
Cev.....THIS IS THE MAIN PROGRAM IN FORTRAN
C.v.....WRITTEN TO SOLVE FOR ROOTS (X) OF THE NONLINEAR
C.......EQUATION G(FRQ,K}=0 USING THE NEWTON-RAPHSON METHOD,
Cece....WHERE FREQUENCY(FRQ) 1S A KNOWN VALUE.
IMPLICIT REAL*4 (K,M)
DIMENSION DELTA(15),K(15)
COMMON A,B,D,Z0,X0,LN
EPS=.5
DK=.1
NITER=5
DELTA(1)=100000.
KX=-1,
DO 300 NR=1,5
C.......INPUT STATEMENT TO SET THE VALUES OF FREQUENCY(FRQ),
INITIAL WAVE NUMBER{XKX),GAP LENGTH(X0),MATRIX SIZE
....(LN=5),SLAB POSITION(Z0),WAVEGUIDE WIDTH(A),WAVEGUIDE
C.......HEIGHT(B) ,ONE HALF SLAB THICKNESS(D),SATURATION
C.......MAGNETIZATION(MS),INTERNAL DC MAGNETIC FIELD(HI) AND
C.......MODE UNDER STUDY(JMODE).
NAMELIST/RAD/FRQ,XKX, X0,LN,20,A,B,D,MS,HI,JMODE
READ (5,RAD)
WRITE{6,RAD)
FORMAT(F10.3,12)
K(1)=XKX
FORMAT(//3X,3F20.3)
FORMAT(12,3F10,3)
FORMAT(2F10.3)
FRQO=2.8+HI/1000.
FRQM=2.8xMS/1000.
DEL=FRQO*7 2-FRQ*%2
K 1=FRQ*FRUM/DEL
U=1.+K1%FRQO/FRQ
WRITE(6,90) U,D,20
. +ROOT FINDING BY ITERATIVE STEPS

201
90

93
9

C.....

Fvy
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96 DO 200 I1=1,NITER
11=1+1
XKDX=K(1)+DK
XV=G{(XKDK, JMODE,U,K1)
XW=G(K(I),JMODE,U,K1)
GPRIM= (XV-XW) /DK
WRITE(6,90) GPRIM,XV,XW
K(I1)=K{1)-XW/GPRIM
DIFF=K(I1)-K(I)
DELTA(11)=ABS(DIFF)
XX=G{K(11),JMODE,U,K?)
IF (DELTA(I1) .LE. EPS) GO TO 98

€2 F(DELTA(1i} .LE. DELTA(IJ) GO TC 89S
GO TO 97

98 IF (ABS(XX) .LE. EPS) GO TO 100
GO TO 92

97 WRITE(6,90) K(I),DELTA(I),DELTA(I1)

K{1)=K{1)+KX
WRITE(6,89) K(1)

89 FORMAT(3X,'K(1) 1S RESET TO A NEW VALUE:',F9.2)
GO TC 96

99 WRITE (6,94) 1,K(I1),DELTA(11),XX

200 CONTINUE

100 WRITE (6,94) I, K(I1),DELTA(I1),XX

94 FORMAT(12,2F10.3,F20.3)

300 CONTINUE
STOP
END

C.ve.. . .FUNCTION G(F,K) DESCRIBES THE DETERMINANT OF AN
C.......N BY N TRUNCATED MATRIX.THE VALUE OF THE GAP
C.......LENGTH(X0) IS NOT ZERO AND Hdc=HO.X.

FUNCTION G(K,JMODE,U,K1)

IMPLICIT REAL(K)

DIMENSION XM(40,40,2,2),G1(40,2,2),B1G(40,40),BETA(40,40),

1 11(40),33(40)

COMMON A,B,D,20,X0,LN
200 FORMAT(2X,'X0="',F7.3," LN=',12)

X0A=X0/A

21=20-D

22=20+D

PI=3.1416

$1=B-21

$2=B-122

DO 10 1=1,LN,2

DO 20 J=1,LN,2

ALFA=Js*PI /A

ALFA2=ALFAxALFA

GAMA=SQRT(ALFA2+K*K)

V=1,0/(GAMA*SINH(GAMA*D )

P2=-(U-1,1«{ALFA2), (2+D*GAMAIGAMA)

Pi=-KixK-P2

P2=(U-", ) *K*¢K/GAMA

P4=-P2+K1sK

CZ1=COSHIGAMAXZ 1)

C22=COSH(GAMA%Z2)

CS1=COSH(GAMA*S 1)

CS2=COSH(GAMA%S2)

G7(J,’,‘)=V‘CZ"(P4'CS1'P2*C52*P3*SINH(GAMA*S1))
G1(J, " ,-2)=VsCZ1*(P12CS2+P2xCS1-P3*SINH(GAMA*S2))
Gi(J,Z,w‘"V*C"“‘\Pﬁ*f"“Dz*CZZ‘P3*SINH(GAMA*Z1))
G1(S,2,2)=V*C52¢ (P #CI2-P2%C2 1 +P3+SINH(GAMAXZ2))
DO 30 L2=1,2

DO 50 L=1,2

IF (I LEC. Z2) GO TO =0

IJ1=1-3

1Ji=1+3

Al=T1J"*+P1xX0A

Ac=1J2«PleXTA

BETA(I ,Ci=-.t3602%(ISIN{AT1). 1)+ (SIN(A2)/1J2))

tJn
AMUD,0, 02 LY=BETA(L,J)2G1(J,L2,L)
ST 4

)]
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50 A3=2x1*PI*X0A
BETA(I,I)=1,-2+X0A-SIN(A3)/(I%P1)
XM(1,1,L2,L)=BETA(I,1)*G1(1,L2,L)

40 CONTINUE

30 CONTINUE

20 CONTINUE

10 CONTINUE

C........LOADING THE BIG MATRIX
DO 60 I=1,2
DO 60 J=1,2
DO 55 L=1,LN,2
I1(L)=I+L-1
JJI(L)=J+L-1

55 CONTINUE

DO 56 L2=1,LN,2
DO 57 L3=1,LN,2
BIG(II{(L2),J3(L3))=8M(L2,L3,1,Jd)

57 CONTINUE
56 CONTINUE
60 CONTINUE
LN1=LN+1
DO 70 I=1,LNt
70 BIG(I,I)=BIG(I,I)+1.0
G=XDET(BIG,LN1)
RETURN
END
Cuovennnn FUNCTION SUBPROGRAM TO CALCULATE THE DETERMINANT

C.......OF AN N BY N MATRIX A,
FUNCTION XDET(A,N)
DIMENSION A(40,40),B(40,40)
EPS=.00001

Covennn .CONSTRUCT IDENTITY MATRIX
DO 6 I=1,N
DO 5 J=1,N
IF (1-J) 4,3,4

3 B(I,J)=1,

GO TO S

4 B(I,J)=0.0

5 CONTINUE

6 CONTINUE

Covnnn .LOCATE MAXIMUM MAGNITUDE A(I,K) ON OR BELOW MAIN

C.......DIAGONAL
DEL=1.0
DO 45 K=1,N
IF (K-N) 12,30,30

12 IMAX=K
AMAX=ABS(A(K,K))

KP1=K+1
DO 20 I=KP1,N
IF (AMAX-ABS(A(I,K))) 15,20,20

15 IMAX=1
AMAX=ABS(A(I,K))

20 CONTINUE

C.......INTERCHANGE ROWS IMAX AND K IF IMAX NOT EQUAL TO K
IF (IMAX-K) 25,30,25

25 DO 29 J=1,N

ATMP=A (IMAX,J)
A(IMAX,J)=A(K,J)
A(K,J)=ATMP
BTMP=B(IMAX,J)
B(IMAX,J)=B(K,J)

29 B(K,J)=BTMP
DEL=-DEL
30 CONTINUE

IF (ABS(A(K,K))}-EPS) 93,93,35
C.......TEST FOR SINGULAR MATRIX

35 CEL=A(K,K)*DEL

C.......DIVIDE PIVOT ROW BY ITS MAIN DIAGONAL ELEMENT
DIV=A(K,K)
DO 38 J=1,N
A(K,J)=A(K,J)/DIV

38 B(K,J)=B(K,J)/DIV

C.......REPLACE EACH ROW BY LINEAR COMBINATION WITH PIVOT ROW

T T

——




DO 43 I=1,N
AMULT=A(I,K)
IF(I-K) 39,43,39

39 DO 42 J=1,N
A(I,J)=A(1,J)~-AMULT*A(K,J)
42 B(1,J)=B{1,J)~AMULT*B(K,J)
43 CONTINUE
45 CONTINUE
XDET=DEL
99 RETURN
93 GO TO 99
END

The second sample program finds the roots of the dispersion
relation for zeroth- and first-order modes as described by a 5 by 5
matrix given by Eq. 5.10 where HdC is in the z-direction. This
program has the following parts:

1. Main program--finds the roots of function G.

2. Function G{K,JMODE,U,Kl)--constructs and loads the
truncated 5 by 5 matrix. This function subprogram takes as its
input the wave number (K), the specific mode under study (JMODE), and
the operating frequency (U,K1) and returns the determinant of the
truncated matrix in @ by calling cubroutine XINV(A,B,XDET,N).

3. Gubroutine XINV(A,B,XDET,N)--computes the inverse of the
d by N truncated matrix A and returns it in matrix B. This

cubroutine also computes the determinant of matrix A and returns

.t In XDET.
Gt et st s s eiaane PROGRAM #2. .. .. .t inennennnnsnns
C.......PROGRAM TO CALCULATE ROOTS WHEN X0 IS NOT ZERQ AND
Covinnnn Hdc IS NORMAL TO THE SLAB,i.e., Hdc=H0.Z
C.......THIS PROGRAM CALCULATES ROOTS OF THE FIRST MODE ONLY.
C Xk
C.oovvnt THIS 1S THE MAIN PROGRAM WRITTEN IN FORTRAN SOLVING
Covvnnns FCR ROOTS (K) OF THE NONLINEAR EQUATION G(FRQ,K)=0,

Covinnns USING THE NEWTON-RAPHSON METHOD, WHERE FRQ IS KNOWN,
IMPLICIT REALx%4 (K,M)
DIMENSION DELTA(15),K(15)
COMMON A,B,D,20,X0,LN,MS,HI
EPS=.5
DK=.1
NITER=5
DELTA(1)=100000.
KX=-~
no 30 MR=1,5
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C.veos..INPUT STATEMENT TO SET THE VALUES OF FREQUENCY(FRQ),
C.......INITIAL WAVE NUMBER(XKX),GAP LENGTH(X0),MATRIX SIZE
C.......(LN=5),SLAB POSITION(Z0),WAVEGUIDE WIDTH(A),WAVEGUIDE
C.......HEIGHT(B) ,ONE HALF SLAB THICKNESS(D), SATURATION
C.......MAGNETIZATION(MS),INTERNAL DC MAGNETIC FIELD(HI),MODE
C.......UNDER STUDY(JMODE).

NAMELIST/RAD/FRQ, XKX, X0,LN,Z0,A,B,D,MS,HI, JMODE

READ (5,RAD)

WRITE(6,RAD)
201 FORMAT(F10.3,12)
K(1)=XKX
90 FORMAT (//3X,3F20.3)
93 FORMAT(I2,3F10.3)
91 FORMAT(2F10.3)

FRQO=2.8*HI/1000.
FRQM=2,8%MS/1000.
DEL=FRQO**2-FRQ**2
K1=FRQ*FRQM/DEL
U=1.+K1*FRQO/FRQ
WRITE(6,90) U,K1,20
C.......ROOT FINDING BY ITERATIVE STEPS
96 DO 200 I=1,NITER
11=I+1
XKDK=K(I)+DK
XV=G(XKDK, JMODE,U,K1)
XW=G(K(I),JMODE,U,K1)
GPRIM=(XV-XW) /DK
WRITE(6,90) GPRIM,XV,XwW
K(I1})=K(I)-XW/GPRIM
DIFF=K(11)-K(1)
DELTA(I1)=ABS(DIFF)
XX=G(K(I1),JMODE,U,K1)
IF (DELTA(I1) .LE. EPS) GO TO 98

92 IF(DELTA(I1) .LE. DELTA(I)) GO TO 99
GC TO 97

98 IF (ABS(XX) .LE. EPS) GO TO 100
GO TO 92

97 WRITE(6,90) K(I),DELTA(I),DELTA(I1)

K(1)=K{1)+KX
WRITE(6,89) K(1)

89 FORMAT(3X, 'K(1) IS RESET TO A NEW VALUE:',F9.2)
GO TO 96

99 WRITE (6,94) I,K{I1),DELTA(I1),XX

200 CONTINUE

100 WRITE (6,94) I, K(I1),DELTA(I1),XX

94 FORMAT(12,2F10.3,F20.3)

300 CONTINUE
STOP
END

C.......FUNCTION G(F,K) DESCRIBES THE DETERMINANT OF A

C.......5 BY 5 MATRIX FOR THE FIRST-ORDER MODE, WHEN
C.......Hdc=H0.Z AND X0 1S NOT EQUAL TO ZERO.

FUNCTION G(K,JMODE,U,K1)

IMPLICIT REAL(K)

DIMENSION XA(40,40),XB(40,40),VN(2),UN(2),B1G(40,40)

COMMON A,B,D,Z0,X0,LN,MS,HI

21=20-D

22=20+D

P1=3.1416

B20=B-20

BZ1=B-21

BZ2=B-22

X0A=X0/A

AX0=A-X0

A2X0=A-2%X0

AO0=-PIxX0/A2X0

Al==-2*A0/A

A2=2+PI*{1-X0A)/A2X0

PA2=PIsAX0/A

PA1=PI*X0A

A3=A0+A2%AX0




A4=A0+A2%X0
AS=A0+A1xAX0
A6=A0+A1#X0
$34=.5*(SIN(A3)-SIN(A4)) /A2
S56=.5*(SIN(AS)-SIN(AG)) /A1
: C34=.5%(~COS(A3)}+COS(A4)) /A2
‘ C56=.5%(-COS(A5)+COS(A6)) /A1
XA(1,1)=A2%0
XA(1,2)=0.
XA(1,3)=2%A2X0/P1
XA(2,1)=.318+*A*(SIN(PA2)-SIN(PA1))
. XA(2,2)=534+556
XA(2,3)=C34+C56
XA(3,1)=.318*A*%{COS(PA2)-COS(PA1))
XA(3,2)=C34-C56
XA(3,3)=534~S56
NN=3
CALL XINV(XA,XB,XDET,NN)
po 10 I1=1,2
I11=1-1
ALFA=I11%PI/A
LLEA2=ALFA*ALFA
GAMA=SQRT(ALFA2+K*K)
W=1.0/(GAMA*SINH(GAMAxB) )
F=(U-1.)/(U*D#+D)
$20=SINH(GAMA*20)
SZ1=SINH(GAMA*21)
$22=SINH(GAMA%22)
SBZ0=SINH(GAMA*BZ0)
SBZ1=SINH(GAMA*BZ1)
SBZ2=SINH(GAMA*BZ2)
CZ0=COSH(GAMA*20)
CZ1=COSH(GAMA*Z1)
CBZ0=COSH(GAMAxBZ0)
CBZ2=COSH(GAMA*BZ2)
B1=(520-S21)/GAMA
B2=(522~SZ0)/GAMA
B3=(-$BZ0+SB21)/GAMA
B¢=(-SBZ2+SBZ0)/GAMA
VN(I)=Wx({B1+B2)%CBZ2+(B3+B4)*CZ1-2%B1%CBZ0-2%B4*CZ0)
UN(I)=VN(I)+4+WxB1%CBZ0+4*WxB4*C2Z0
10 CONTINUE
CC1=COS(PA 1)
CC2=C0S (PA2)
DCO=~,25* {K*K*K1*PI )% (CC1+CC2) /A2X0
U14={(Uu-1)/4
DC1=U14*(XB(1,1)+XB(2,1))
DC2=U14*(XB(1,1)-%XB(2,1))
DC3=U14*(XB{1,2)+XB(2,2))
DC4=U14*(XB(1,2)-XB(2,2))
DC5=U14*(XB(1,3)+XB(2,3))
DC6=U14*(XB(1,3)-XB(2,3))
DO=-DC1*CC1+DC2*CC2+DCO*XB(3,1)
D1=-DC3*CC1+DC4*CC2+DCO*XB(3,2)
D2=-DC5*CC1+DC6+%CC2+DCO*XB(3,3)
AOO=1,-2%X0A
A01=.6366*(SIN(PA2)-SIN(PA1))
A10=A01/2.
A11=A00+.153*(SIN(2*PA2)-SIN(2+PA1)}
B10=.318*(COS(PA1)-COS(PA2) ]
B11=,15%x (COS(2%PA1)-COS(Z*PA2))
AVO=A01%xVN(2)
EVI=A118VUN(2)
AUO=AG1*UN(2)
AUT=A112UN(2)
BUT=B11*UN(2)
C.......LOADING THE MATRIX IN THE FINAL FORM READY
C.......FOR DETERMINANT CALCULATION.
BiG(1, 1)=1,+F*A00%VN(1)
BIG(1,2)=F*AV0D
BIG(1,3)=D0*AV0Q
BIG(1,4)=D1%AVD
BIG(1,5)=D2%AVD
BIG(2,1)=F%A10*VN(1)
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BIG(2,2)=1.+FsAV1

BIG(2,3)=D0*AV1

BIG(2,4)=D1#AV1

BIG(2,5)=D2#*AV]

BIG(3,1)=F*A00*UN(1)

B1G(2,2)=F*AU0

BIG(3,3)=1.+D0*AUO

BIG(3,4)=D1*AU0

BIG(3,5)=D2*AU0

BIG(4,1)=F*xA10%UN(1)

BIG(4,2)=F*AU1 ~

BIG(4,3)=DO0*AU1

BIG(4,4)=1.+D1sAU1

BIG(4,5)=D2*AU1

BIG(5,1)=F*B10*UN(1)

BIG(5,2)=F*BU1

BIG(5,3)=D0*BU1

BIG(5,4)=D1+BU1

BIG(5,5)=1.+D2*BU1

LN=5

CALL XINV(BIG,XB,XDET,LN)

G=XDET

RETURN

END
C.......SUBROUTINE FOR DETERMINANT CALCULATION AND
C.......MATRIX INVERSION BY ELIMINATION WITH
C.e......PARTIAL PIVOTING.

SUBROUTINE XINV(A,B,XDET,N)
Ci......A=ORIGINAL MATRIX, B=IVERSE MATRIX, XDET=
C.......DETERMINANT, N=MATRIX SIZE.

LIMENSION A{(40,40),B(40,40)

EPS=.00001
C.......CONSTRUCT IDENTITY MATRIX B(I,J)=1

Tp—
e

DO 6 I=1,N —
Do 5 J=1,N
IF (1-J) 4,3,4 -
B(I,J)=1.
GO TO 5 RN
B(1,J)=0.0 "
CONTINUE -
CONTINUE i
veess.LOCATE MAXIMUM MAGNITUDE A(I,K) ON OR BELOW MAIN e
«eee...DIAGONAL "
DEL=1.0
DO 45 K=1,N
17 (K-N) 12,30,30
12 IMAX=K
AMAX=ABS(A(K,K))
KP1=K+1
DO 20 I=KP1,N
IF (AMAX-ABS(A(I,K))) 15,20,20
15 IMAX=1
AMAX=ABS(A(I,K))
20 CONTINUE
C.......INTERCHANGE ROWS IMAX AND K IF IMAX NOT EQUAL TO K
IF (IMAX-K) 25,30,25
25 DO 29 J=1,N
ATMP=A(IMAX,J) .
A(IMAX,J)=A(K,J)
A(K,J)=ATMP
BTMP=B(IMAX,J)
B(IMAX,J)=B(K,J)
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25 B(K,J)=BTMP
DEL=-DEL
30 CONTINUE

IF (ABS(A(K,K))-EPS) 93,93,35
C.......TEST FOR SINGULAR MATRIX
35 DEL=A(K,K)#*DEL
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C.......DIVIDE PIVOT ROW BY ITS MAIN DIAGONAL ELEMENT
DIV=A(K,K)
DO 38 J=1,N -
A(K,J)=A(K,J)/DIV o
38 B(K,J)=B(K,J)/DIV
C.......REPLACE EACH ROW BY LINEAR COMBINATION WITH PIVOT ROW
DO 43 I=1,N
AMULT=A(1,K)
IF(I-K) 39,43,39
39 DO 42 J=1,N
A(1,J)=A(1,3)-AMULT*A(K,J)
42 B(I,J)=B(I,J)-AMULT*B(K,J) ®
43 CONTINUE
45 CONTINUE
XDET=DEL
99 RETURN
93 GO TO 99
END
e
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